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Abstract. A symplectic manifold W with contact type boundary M = ∂W
induces a linearization of the contact homology of M with corresponding lin-
earized contact homology HC(M). We establish a Gysin-type exact sequence
in which the symplectic homology SH(W ) of W maps to HC(M), which in
turn maps to HC(M), by a map of degree −2, which then maps to SH(W ).
Furthermore, we give a description of the degree −2 map in terms of rational
holomorphic curves with constrained asymptotic markers, in the symplectiza-
tion of M .
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1. Introduction
Let (W,ω) be a compact symplectic manifold with contact type
boundary M := ∂W . This means that there exists a vector field X defined in
Date: 15 October 2008.
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a neighbourhood of M , transverse and pointing outwards along M , and such that
LXω = ω.
Such an X is called a Liouville vector field. The 1-form λ := (ιXω)|M is a
contact form on M . We denote by ξ the contact distribution defined by λ and we
call (W,ω) a filling of (M, ξ).
We assume throughout the paper that (W,ω) satisfies the condition
(1)
∫
T 2
f∗ω = 0 for all smooth f : T 2 →W,
where T 2 is the 2-torus. This condition guarantees that the energy of a Floer
trajectory (for a definition, see for example [7, Section 2]) does not depend on its
homology class, but only on its endpoints. Our main class of examples is provided
by exact symplectic forms.
Theorem 1 ties together the symplectic homology groups of (W,ω) and the lin-
earized contact homology groups of (M, ξ). Both these invariants encode alge-
braically the dynamics of the same vector field, the Reeb vector field Rλ defined
by ker ω|M = 〈Rλ〉 and λ(Rλ) = 1. But their natures are quite different: the
former belongs to the realm of Floer theory [17, 32], whereas the latter belongs to
the realm of symplectic field theory (SFT) [16]. Our result can be read as a way to
make symplectic homology fit into SFT.
Let us introduce some relevant notation. Given a free homotopy class a of loops
in W we denote by SHa∗ (W,ω) the symplectic homology groups of (W,ω) in the
homotopy class a. The free homotopy class of the constant loop will be denoted
by 0. We also denote by SH+∗ (W,ω) the symplectic homology groups in the trivial
homotopy class truncated at a small positive value of the action functional. We
refer to Section 2 for the definitions.
Let i : M →֒ W be the inclusion. Given a free homotopy class a of loops in W
we denote by i−1(a) the set of free homotopy classes in M which are mapped to a
via i, and we use the convention i−1(+) := i−1(0). We denote by HC
i−1(a)
∗ (M, ξ)
the linearized contact homology groups of (M, ξ) based on closed Reeb orbits whose
free homotopy class belongs to i−1(a). We refer to Section 3.1 for the definition.
Both SHa∗ (W,ω) and HC
i−1(a)
∗ (M, ξ) are defined over the Novikov ring Λω with
Q-coefficients consisting of formal combinations λ :=
∑
A∈H2(W ;Z)
λAe
A, λA ∈ Q
such that
#{A|λA 6= 0, ω(A) ≤ c} <∞
for all c > 0. The multiplication in Λω is given by the convolution product.
We assume the existence of an almost complex structure J such that linearized
contact homology is defined. This means that J needs to be regular for rigid holo-
morphic planes in the symplectic completion of W , as well as for rational holomor-
phic curves with one positive puncture in the symplectization of M satisfying the
following property. These curves are asymptotic, at all negative punctures except
at most one, to Reeb orbits which can be capped with rigid holomorphic planes in
the symplectic completion of W . We refer to Section 3.1, Remark 9 for a discussion
of these regularity assumptions. We expect this technical assumption to be com-
pletely removed using the new ongoing approach to transversality by Cieliebak and
Mohnke (see [13] for the symplectic case), or using the polyfold theory developed
by Hofer Wysocki and Zehnder [18, 21].
Theorem 1. If a 6= 0 or a = + there exists a long exact sequence
. . .→ SHak−(n−3)(W,ω)→ HC
i−1(a)
k (M, ξ)
D
→ HC
i−1(a)
k−2 (M, ξ)→(2)
→ SHak−1−(n−3)(W,ω)→ . . .
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Moreover, the map D can be described exclusively in terms of rational holomorphic
curves with constrained asymptotic markers in the symplectization of (M, ξ), and
of rigid holomorphic planes in the symplectic completion of W .
The description of the map D is given in Proposition 8 of Section 7.2. We
emphasize the fact that, in general, the linearized contact homology groups and
the map D depend on the filling (W,ω). The example of Riemann surfaces in
Section 8.1 shows that this is the case even in the simple situationM = S1. On the
other hand, there are classes of contact manifolds for which the linearized contact
homology groups and the map D only depend on (M, ξ). This is illustrated in
Section 8.2 by subcritically Stein fillable contact manifolds (M, ξ) of dimension ≥ 3
with c1(ξ) = 0.
Besides the Floer/SFT distinction mentioned above, the groups SH∗ and HC∗
differ in a more subtle way, related to the fact that the loop space naturally carries
an S1-action. The construction of contact homology groups is intrinsically S1-
equivariant in the sense that the generators of the complex are unparametrized Reeb
orbits and S1 acts on the relevant spaces of solutions, whereas the construction
of symplectic homology groups is non-equivariant, i.e. the Hamiltonian is time-
dependent and the generators of the complex are parametrized Hamiltonian orbits.
One should recall at this point the Gysin exact sequence relating ordinary and
S1-equivariant homology of an S1-space X , which reads
(3) . . . −→ H∗(X) −→ H
S1
∗ (X)
∩e
−→ HS
1
∗−2(X) −→ H∗−1(X) −→ . . .
The analogy – modulo shifts in the grading – between (2) and (3) is by no means
formal. We prove in [8] that an S1-equivariant version of symplectic homology
is isomorphic to linearized contact homology and that (2) is the corresponding
Gysin exact sequence, whereas the paper [14] constructs a non-equivariant version
of (linearized) contact homology fitting into a Gysin exact sequence with the usual
contact homology groups.
¿From this point of view, contact- and symplectic homology are closely related
complementary theories, linked via a Gysin exact sequence. This perspective on
symplectic homology also relates to a recent conjecture of Seidel [31] predicting
that symplectic homology is isomorphic to the Hochschild homology HH∗(C) of a
suitable A∞-category C. Then S1-equivariant symplectic homology should be iso-
morphic to the cyclic homology HC∗(C) and the Gysin exact sequences mentioned
above should be isomorphic to the standard Connes exact sequence connecting
Hochschild and cyclic homology
. . . −→ HH∗(C) −→ HC∗(C) −→ HC∗−2(C) −→ HH∗−1(C) −→ . . .
As far as the connecting map D is concerned, the analogy with the finite dimen-
sional case is again fertile. It can be thought of as a cap product with an Euler
class, just as the map HS
1
∗ (X)→ H
S1
∗−2(X) in (3) is the cap product with the Euler
class of the S1-bundle over the homotopy quotient X ×S1 ES
1.
This paper essentially consists of a proof of Theorem 1 and we now give an
overview of the proof. We draw the reader’s attention to Section 4, where we have
concentrated the key statements in rigorous form. The preliminary constructions
are given in Sections 2 and 3.
The main technical tool for our proof is the Morse-Bott complex developed in [7]
following ideas from [3]. The construction, which is summarized in Section 2.2,
gives a recipe to compute the symplectic homology groups in terms of the mod-
uli spaces of Floer trajectories for a time-independent Hamiltonian H under the
assumption – generic for autonomous Hamiltonians – that the 1-periodic orbits of
the latter are either constant and nondegenerate, or nonconstant and transversally
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nondegenerate. The Morse-Bott complex mimicks a time-dependent perturbation
ofH via the choice of a perfect Morse function fγ along the geometric image of each
nonconstant orbit γ, which is a circle. Each (unparametrized) nonconstant orbit γ
gives rise to two generators in the Morse-Bott complex, one for the minimum and
one for the maximum of fγ .
For the special type of autonomous Hamiltonians used to define symplectic ho-
mology the nonconstant orbits γ are in one-to-one correspondence with closed Reeb
orbits γ′ on M . A nice feature of the Morse-Bott complex is that it is naturally fil-
tered by the Maslov index µ(γ′), and this filtration gives rise to a spectral sequence
supported in two lines. As seen in Section 7.1, any such spectral sequence gives rise
to a long exact sequence of the type
. . . −→ E∞ −→ E2k,0
d2
−→ E2k−2,1 −→ E
∞ −→ . . .
By definition we have E∞ ≃ SH . In order to establish Theorem 1 we prove that
E2k,i ≃ HCk+(n−3), i = 0, 1 and identify the differential d
2 in the following way.
In Section 3.2 we define a non-equivariant version of contact homology, inspired
by [14], by means of a construction of a Morse-Bott complex which we call the S1-
parametrized contact complex, analogous to the one in Section 2.2. This complex is
also filtered by µ(γ′) and the E2-term of the associated spectral sequence is trivially
identified with HC∗. We obtain thus two filtered complexes, one for symplectic
homology and another one for contact homology, which we prove in Section 6 to
be isomorphic. This automatically implies that the E2-terms of the corresponding
spectral sequences are isomorphic, and also that the corresponding d2-differentials
coincide.
The isomorphism between the two filtered complexes is established by consider-
ing “mixed” moduli spaces consisting of punctured curves defined on the cylinder
R × S1 and taking values in the symplectization M × R. Near −∞, these curves
are holomorphic and asymptotic to a Reeb orbit; near +∞, they satisfy Floer’s
equation and are asymptotic to a 1-periodic orbit of H . Since the contact action
decreases along such curves the resulting chain map has upper triangular form,
and we show, by constructing solutions to the mixed problem described above and
showing they are unique, that the entries on the diagonal are ±1. This method
of establishing an isomorphism at the chain level by using mixed moduli spaces is
reminiscent of [1].
We note at this point the fact that the Morse-Bott construction of the S1-
parametrized contact complex is necessary only in order to identify the differential
d2 in the exact sequence. The isomorphism between the E1-term of the symplectic
homology spectral sequence and the linearized contact complex can be established
directly by using the mixed moduli spaces described above.
Two more remarks are in order. The first one concerns the fact that the Floer
trajectories for H might wander deep inside the fillingW , whereas the isomorphism
between the two filtered complexes is constructed in the symplectization M × R.
The basic technique in Section 5.2 is to stretch the neck near the boundary of W
and show that, when the stretching parameter is large enough, the Floer trajectories
in W are in bijective correspondence with punctured Floer trajectories in M × R,
capped at the punctures with rigid holomorphic planes in the symplectization of
W . The maximum principle plays a crucial role for showing that the limit building
contains no curve with more than one positive puncture.
The second remark concerns the problem of good and bad orbits (see Section 3.1
for the definition). One of the most pleasant features of the spectral sequences
described above is that, although the starting complex contains two generators for
each Reeb orbit, only the generators corresponding to good Reeb orbits survive to
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E1. At this point it is crucial to use Q-coefficients for Λω rather than Z-coefficients.
Besides the analysis of signs borrowed from [7], we need to show that, for a suitable
choice of the Hamiltonian H , certain rigid Floer trajectories do not appear and
hence do not contribute to the expression of d0 in the case of symplectic homology
(see Section 4 for details). This is done in Section 5.1 by slowing down the rate
of variation of H and using the regularity assumptions on the time-independent
almost complex structure J for contact homology.
The paper ends with Section 8 in which we treat four examples: Riemann surfaces
with one boundary component, subcritical Stein domains, negative disc bundles and
unit cotangent bundles.
Note on pictorial conventions. We use several different types of moduli spaces
in the paper, the most important of which are shown in Figure 3 on page 39. There
and throughout the paper we use the following conventions (cf. Figure 1): gradi-
ent trajectories of Morse functions are represented by horizontal lines, solutions of
Floer’s equation by vertical lines, and holomorphic curves in a symplectization by
dashed vertical lines. Vertical dots stand for holomorphic curves in a symplectiza-
tion going to ±∞ at a puncture.
(1) (2) (3) (4) (6)(5)
(1) : Floer trajectory.
(2) : Holomorphic curve in symplectization.
(3) : Interpolating curve in symplectization,
holomorphic at −∞ and going to +∞,
Floer at +∞ and staying at finite distance.
(4) : Interpolating curve in symplectization,
with ±∞ reversed in (3).
(5) : Curves in symplectization capped
with genus 0 holomorphic buildings.
(6) : Punctured interpolating curve capped
with genus 0 holomorphic buildings.
Figure 1. Pictorial conventions
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2. Symplectic homology
2.1. Construction and basic properties of Symplectic homology. Let (W,ω)
be a compact symplectic manifold with boundary M := ∂W of contact type, satis-
fying (1). The Liouville vector field is denoted by X , the induced contact form on
M is λ, the contact distribution is ξ and the Reeb vector field is Rλ.
We now construct the symplectic homology groups of (W,ω). For more details,
we refer to [7, Section 2]. Let φ be the flow of X . We parametrize a neighbourhood
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U of M by G : M × [−δ, 0]→ U , (p, t) 7→ φt(p). Then d(etλ) is a symplectic form
on M ×R+ and G∗ω = d(etλ). The symplectic completion (Ŵ , ω̂) is defined by
Ŵ :=W
⋃
G
M × R+, ω̂ :=
{
ω, on W,
d(etλ), on M × R+.
Given a time-dependent Hamiltonian H : S1 × Ŵ → R, we define the Hamil-
tonian vector field XθH by
ω̂(XθH , ·) = dHθ, θ ∈ S
1 = R/Z,
where Hθ := H(θ, ·). We denote by φH the flow of XθH , defined by φ
0
H = Id and
d
dθ
φθH(x) = X
θ
H(φ
θ
H(x)), θ ∈ R.
We denote by P(H) the set of 1-periodic orbits of XθH . Given a free homotopy
class a of loops in W , we denote by Pa(H) the set of 1-periodic orbits of XθH in the
class a. The symplectic homology groups of (W,ω) are defined as the direct
limit
SHa∗ (W,ω) := lim→
H∈H
SHa∗ (H).
Here H is a suitable class of Hamiltonians and SHa∗ (H) are the Floer homology
groups of H in the class a. The underlying complex SCa∗ (H, J) is generated by the
elements of Pa(H), and the differential d is defined using a time-dependent almost
complex structure J on Ŵ which is regular for H and has a special behaviour at
infinity. The resulting homology groups do not depend on J and we omit it from
the notation.
Let now a = 0 be the trivial homotopy class. In this case we denote the symplec-
tic homology groups by SH∗(W,ω). We define the reduced Hamiltonian action
functional
A0H : C
∞
contr(S
1, Ŵ )→ R
by
A0H(γ) := −
∫
D2
σ∗ω̂ −
∫
S1
H(θ, γ(θ)) dθ.
Here C∞contr(S
1, Ŵ ) denotes the space of smooth contractible loops in Ŵ and σ :
D2 → Ŵ is a smooth extension of γ. Note that A0H is well-defined thanks to
condition (1) and that A0H is decreasing along Floer trajectories. We define the
action spectrum of (M,λ) by
Spec(M,λ) := {T ∈ R+ | there is a closed Rλ-orbit of period T }.
We fix ǫ > 0 such that ǫ < T for all T ∈ Spec(M,λ). For a regular almost complex
structure J we define the chain complexes
(4) SC−∗ (H, J) :=
⊕
γ∈P0(H)
A0H(γ)≤ǫ
Λω〈γ〉 ⊂ SC∗(H, J)
and
SC+∗ (H, J) := SC∗(H)/SC
−
∗ (H, J).
The differential on SC±∗ (H, J) is induced by d. The groups
SH±∗ (H) := H∗(SC
±
∗ (H, J), d)
neither depend on J nor on ǫ. We define
SH±∗ (W,ω) := lim→
H∈H
SH±∗ (H).
We call SH+∗ (W,ω) the positive symplectic homology group of (W,ω).
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Remark 1. For contractible orbits condition (1) can be replaced by the weaker
symplectic asphericity condition 〈ω, π2(W )〉 = 0.
Let us assume that M is of positive contact type [26, §4.3]. This means that
every closed Rλ-orbit γ on M which is contractible in W has positive action Aω(γ)
bounded away from zero, where
Aω(γ) :=
∫
D2
σ∗ω
for some extension σ : D2 →W of γ. This condition is automatically satisfied if the
boundary M is of restricted contact type, i.e. the vector field X is globally defined
onW . Under the positive contact type assumption we have [32, Proposition 1.4] (see
also [26])
SH−∗ (W,ω) = H∗+n(W,∂W ; Λω), n =
1
2
dim W.
Moreover, the short exact sequence SC−∗ (H) → SC∗(H) → SC
+
∗ (H) induces
the long exact sequence [32]
(5) ...→SH+∗+1(W,ω)→H∗+n(W,∂W ;Λω)→SH∗(W,ω)→SH
+
∗ (W,ω)→...
2.2. Morse-Bott description of symplectic homology. In this section we re-
call the Morse-Bott formalism of [7]. We assume in this section that the closed
Rλ-orbits are transversally nondegenerate in M . We denote by φλ the flow of Rλ.
In [7, §3] we used a class H′ of admissible Hamiltonians consisting of elements
H : Ŵ → R such that
(i) H |W is a C2-small Morse function and H < 0 on W ;
(ii) H(p, t) = h(t) outside W , where h(t) is a strictly increasing function with
h(t) = αet + β, α, β ∈ R, α /∈ Spec(M,λ) for t bigger than some t0, and
such that h′′ − h′ > 0 on [0, t0[.
Note that the 1-periodic orbits of XH in W are constant and nondegenerate by
assumption (i). A direct computation shows that
(6) XH(p, t) = −e
−th′(t)Rλ, for (p, t) ∈M × [0,∞).
The 1-periodic orbits of XH fall in two classes:
(1) critical points of H in W ;
(2) nonconstant 1-periodic orbits of Xh, located on levels M × {t}, t ∈]0, t0[,
which are in one-to-one correspondence with closed −Rλ-orbits of period
e−th′(t).
Let α := limt→∞ e
−tH(p, t). Let Pλ be the set of closed unparametrized Rλ-
orbits in M . We denote by P≤αλ the set of all γ
′ ∈ Pλ such that Aλ(γ′) ≤ α.
Because H is independent of θ, every orbit γ′ ∈ P≤αλ gives rise to a whole circle of
nonconstant 1-periodic orbits γ of XH , which are transversally nondegenerate and
whose parametrizations differ by a shift θ ∈ S1. We denote by Sγ the set of such
orbits, so that Sγ = Sγ(·+θ) for all θ ∈ S
1.
Let J = J (Ŵ , ω̂) be the space of θ-dependent almost complex structures J such
that
(i) J is compatible with ω̂;
(ii) for t large enough, J is independent of θ;
(iii) J preserves the contact distribution ξ;
(iv) J ∂∂t = Rλ.
Given γ, γ ∈ P(H), q˜ ∈ Crit(H) and J ∈ J , we denote by
M̂A(Sγ , Sγ ;H, J), M̂
A(Sγ , q˜;H, J)
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the spaces of Floer trajectories for (H, J) starting at Sγ and ending at Sγ or q˜,
respectively. Such a Floer trajectory is a map u : R× S1 → Ŵ satisfying
(7) ∂su+ J(∂θu−XH) = 0 for all (s, θ) ∈ R× S
1,
as well as the conditions
(8) lim
s→−∞
u(s, ·) ∈ Sγ
and, respectively,
(9) lim
s→∞
u(s, ·) ∈ Sγ or lim
s→∞
u(s, ·) = q˜.
The Morse-Bott moduli spaces of Floer trajectories are defined by
MA(Sγ , Sγ ;H, J) := M̂
A(Sγ , Sγ ;H, J)/R
and
MA(Sγ , q˜;H, J) := M̂
A(Sγ , q˜;H, J)/R.
Let Jreg(H) ⊂ J be the set of those almost complex structures for which the
linearization of the equation (7) at its solutions is surjective, so that Jreg(H) is
dense in J [7, Proposition 3.5]. Given J ∈ Jreg(H) the Morse-Bott moduli spaces
of Floer trajectories are smooth manifolds, and their respective dimensions are
dim MA(Sγ , Sγ ;H, J) = µ(γ)− µ(γ) + 2〈c1(TW ), A〉,(10)
dim MA(Sγ , q˜;H, J) = µ(γ)− µ(q˜) + 2〈c1(TW ), A〉.
Here µ(q˜) = ind(q˜;−H) − n is the Conley-Zehnder index of the constant orbit q˜,
whereas µ(γ), µ(γ) denote the Conley-Zehnder indexes of the linearized Hamiltonian
flows restricted to ξ.
We have natural evaluation maps
ev :MA(Sγ , Sγ ;H, J)→ Sγ , ev :M
A(Sγ , Sγ ;H, J)→ Sγ
and
ev :MA(Sγ , q˜;H, J)→ Sγ
defined by
ev([u]) := lim
s→−∞
u(s, ·), ev([u]) := lim
s→∞
u(s, ·).
For each Sγ , γ ∈ P(H) we choose a Morse function fSγ : Sγ → R with exactly
one maximum M and one minimum m. To simplify notation, we shall write in the
sequel fγ instead of fSγ , so that fγ = fγ(·+θ) for all θ ∈ S
1. We denote by γm,
γM the orbits in Sγ starting at the minimum and the maximum of fγ respectively.
For a generic choice of these Morse functions [7, Lemma 3.6], all the maps ev are
transverse to the unstable manifolds Wu(p), p ∈ Crit(fγ), all the maps ev are
transverse to the stable manifolds W s(p), p ∈ Crit(fγ) and all pairs
(11) (ev, ev) :MA(Sγ , Sγ ;H, J)→ Sγ × Sγ ,
(ev, ev) :MA1(Sγ , Sγ1 ;H, J) ev ×evM
A2(Sγ1 , Sγ ;H, J)→ Sγ × Sγ
are transverse to productsWu(p)×W s(q), p ∈ Crit(fγ), q ∈ Crit(fγ). The unstable
and stable manifolds are understood with respect to ∇fγ , so that W
u(M) = {M},
W s(M) = Sγ \ {m}, Wu(m) = Sγ \ {M} and W s(m) = {m}. We denote by
Freg(H, J) the set consisting of collections {fγ} of Morse functions which satisfy
the above transversality conditions.
Let now J ∈ Jreg(H) and {fγ} ∈ Freg(H, J). For p ∈ Crit(fγ) we denote the
Morse index by
ind(p) := dim Wu(p;∇fγ).
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Let γ, γ ∈ P(H) and p ∈ Crit(fγ), q ∈ Crit(fγ). For m ≥ 0 we denote by
(12) MAm(p, q;H, {fγ}, J)
the union for γ˜1, . . . , γ˜m−1 ∈ P(H) and A1 + . . .+Am = A of the fibered products
Wu(p)×ev (M
A1(Sγ , Seγ1)×R
+)ϕfeγ1◦ev
×ev (M
A2(Seγ1 , Seγ2)×R
+)
ϕfeγ2
◦ev×ev . . . ϕfeγm−1◦ev
×evM
Am(Seγm−1 ,Sγ)ev×W
s(q).
This is a smooth manifold of dimension
dim MAm(p, q;H, {fγ}, J)(13)
= µ(γ) + ind(p)− µ(γ)− ind(q) + 2〈c1(TW ), A〉 − 1,(14)
as shown in [7]. Note that the moduli space MA0 (p, q;H, {fγ}, J) is a submanifold
of MA(Sγ , Sγ ;H, J). We denote
MA(p, q;H, {fγ}, J) :=
⋃
m≥0
MAm(p, q;H, {fγ}, J)
and we call this the moduli space of Morse-Bott broken trajectories, whereas
MAm(p, q;H, {fγ}, J) is called the moduli space of Morse-Bott broken tra-
jectories with m sublevels. We refer to Figure 3.(a) on page 39 for a visual
representation of the elements of these moduli spaces.
In the sequel we use only 0-dimensional moduli spacesMA(p, q;H, {fγ}, J). Nev-
ertheless, we give now a brief description of the topology of the compactification
M
A
(p, q;H, {fγ}, J) in the general case. We first start with the compactification
M
A
m(p, q;H, {fγ}, J). There are three types of codimension 1 degeneracies for se-
quences un of elements inMAm(p, q;H, {fγ}, J). Firstly, one of them Floer trajecto-
ries composing un can break in two Floer trajectories as n→∞. Secondly, the flow
time of one of the m− 1 finite gradient trajectories can shrink to 0. Thirdly, one of
the m+1 gradient trajectories can break in two gradient trajectories. Higher codi-
mension degeneracies of sequences of elements ofMAm(p, q;H, {fγ}, J) are obtained
by combining the above three types of degeneracies. The spaceM
A
(p, q;H, {fγ}, J)
is obtained by gluing the moduli spaces M
A
m(p, q;H, {fγ}, J) along their common
boundary strata involving only degenerations of the first two types. For simplicity,
we just describe the case of codimension 1 boundary strata: these are common
boundary strata for M
A
m−1(p, q;H, {fγ}, J) and M
A
m(p, q;H, {fγ}, J) and corre-
spond to degenerations of the first and second type respectively. The boundary
(and the corners) of M
A
(p, q;H, {fγ}, J) correspond to at least one degeneracy of
the third type.
Given γ ∈ P(H), p ∈ Crit(fγ), q˜ ∈ Crit(H), we define the moduli spaces
MAm(p, q˜;H, {fγ}, J), m ≥ 0 of Morse-Bott broken trajectories by replacing the
last termMAm(Seγm−1 , Sγ)ev×W s(q) in (12) withMAm(Seγm−1 , q˜;H, J). The union
over m ≥ 0 of these spaces is denoted by MA(p, q˜;H, {fγ}, J). This is again well
defined as a smooth manifold of dimension
dim MA(p, q˜;H, {fγ}, J)
= µ(γ) + ind(p)− ind(q˜;−H) + n+ 2〈c1(TW ), A〉 − 1.
Again, MA0 (p, q˜;H, {fγ}, J) is a submanifold of the space M
A(Sγ , q˜;H, J).
Remark 2. Since H is C2-small, the moduli spacesMA(p˜, q˜;H, J), p˜, q˜ ∈ Crit(H)
of expected dimension
ind(p˜;−H)− ind(q˜;−H) + 2〈c1(TW ), A)〉 − 1 = 0
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consist exclusively of gradient trajectories of H inW [19, Theorem 6.1](see also [29,
Theorem 7.3]). As a consequence, these moduli spaces are empty whenever A 6= 0.
For each [u] ∈ MA(p, q;H, {fγ}, J) or [u] ∈ MA(p, q˜;H, {fγ}, J) we have defined
in [7] a sign ǫ¯(u). Let a be a free homotopy class of loops in W . We define the
Morse-Bott chain groups by
BCa∗ (H) :=
⊕
γ∈Pa(H)
Λω〈γm, γM 〉, a 6= 0,(15)
BC0∗ (H) :=
⊕
ep∈Crit(H)
Λω〈p˜〉 ⊕
⊕
γ∈P0(H)
Λω〈γm, γM 〉.(16)
The grading is defined by
|eAp˜| := ind(p˜;−H)− n− 2〈c1(TW ), A〉,
|eAγm| := µ(γ) + 1− 2〈c1(TW ), A〉,
|eAγM | := µ(γ)− 2〈c1(TW ), A〉.
We define the Morse-Bott differential
d : BCa∗ (H)→ BC
a
∗−1(H)
by
dp˜ :=
∑
eq∈Crit(H)
|ep|−|eq|=1
∑
[u]∈M0(ep,eq;H,{fγ},J)
ǫ¯(u)q˜,(17)
dγp :=
∑
eq∈Crit(H)
|γp|−|e
Aeq|=1
∑
[u]∈MA(p,eq;H,{fγ},J)
ǫ¯(u)eAq˜(18)
+
∑
γ∈P(H),q∈Crit(fγ)
|γp|−|e
Aγ
q
|=1
∑
[u]∈MA(p,q;H,{fγ},J)
ǫ¯(u)eAγ
q
, p ∈ Crit(fγ).
The sums (17) and (18) clearly involve only periodic orbits in the same free homo-
topy class as that of p˜ or γp respectively.
The Correspondence Theorem 3.7 in [7] implies d ◦ d = 0 and
lim
→
H∈H′
H∗(BC
a
∗ (H), d) = SH
a
∗ (W,ω).
We shall denote in the sequel
SHa∗ (H, J) := H∗(BC
a
∗ (H), d).
Moreover, if we define the subcomplex
BC−∗ (H) :=
⊕
ep∈Crit(H)
Λω〈p˜〉
and the quotient
BC+∗ (H) := BC
0
∗ (H)/BC
−
∗ (H),
we have
lim
→
H∈H′
H∗(BC
+
∗ (H), d) = SH
+
∗ (W,ω).
Notation. From now on the letter a will denote either a free homotopy class in
W or one of the symbols ±. The notation i−1(+) stands for i−1(0).
The previous description of the Floer differential can be generalized to the case of
an s-dependent family of autonomous Hamiltonians. More precisely, let Hs, s ∈ R
be a homotopy of autonomous Hamiltonians satisfying the following conditions:
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(i) Hs is increasing with respect to s, and constant for |s| large enough;
(ii) Hs(p, t) = hs(t) outside W , where hs is a strictly increasing function with
hs(t) = α(s)e
t + β(s) for t bigger than some t0;
(iii) H± := lims→±∞Hs belong to the class H
′ of admissible Hamiltonians.
We call this an admissible homotopy of Hamiltonians. Similarly, we define an
admissible homotopy of almost complex structures to be a family Js, s ∈ R
of elements of J , which is constant for |s| large enough.
Given A ∈ H2(W,Z), γ ∈ P(H−), γ ∈ P(H+), and q˜ ∈ Crit(H+), we denote by
MA(Sγ , Sγ ;Hs, Js), M
A(Sγ , q˜;Hs, Js)
the spaces of Floer trajectories u : R× S1 → Ŵ satisfying
(19) ∂su+ Js∂θu = XHs(u) for all (s, θ) ∈ R× S
1,
as well as conditions (8) and (9). Since equation (19) is s-dependent, the additive
group R does not act on the spaces of solutions, and we shall refer to these as the
Morse-Bott moduli spaces of s-dependent Floer trajectories. One shows
as in [7, Section 4.1] that, for a generic choice of the homotopy Js, these are smooth
manifolds whose respective dimensions are given by (10).
Let us now choose for each Sγ , γ ∈ P(H±) a perfect Morse function f±γ : Sγ →
R. Given γ ∈ P(H−), γ ∈ P(H+), p ∈ Crit(f
−
γ ), q ∈ Crit(f
+
γ ), m ≥ 1, and
i ∈ {1, . . . ,m}, we define
MAm(p, q;Hs, {f
±
γ }, Js)
as the (disjoint) union over γ˜1, . . . , γ˜i−1 ∈ P(H−), γ˜i, . . . , γ˜m−1 ∈ P(H+), and
A1 + · · ·+Am = A of the following fibered products (with the convention γ˜0 := γ,
γ˜m := γ)
Wu(p)×ev (M
A1(Seγ0 , Seγ1 ;H−, J−)×R
+)
ϕ
f
−
eγ1
◦ev×ev . . . ϕ
f
−
eγi−2
◦ev×ev (M
Ai−1(Seγi−2 , Seγi−1 ;H−, J−)×R
+)
ϕ
f
−
eγi−1
◦ev×ev(M
Ai(Seγi−1 , Seγi ;Hs, Js)×R
+)
ϕ
f
+
eγi
◦ev×ev(M
Ai+1(Seγi , Seγi+1 ;H+, J+)×R
+)
ϕ
f
+
eγi+1
◦ev×ev . . . ϕ
f
+
eγm−1
◦ev×evM
Am(Seγm−1 ,Seγm ;H+, J+)ev×W
s(q).
We note the similarity to the fibered product defining (12), the difference being that
the term MAi(Seγi−1 , Seγi ;H, J) being replaced by MAi(Seγi−1 , Seγi ;Hs, Js). One
shows as in [7, Lemma 3.6] that, for a generic choice of the collection of Morse
functions {f±γ }, each space M
A
m(p, q;Hs, {f
±
γ }, J) is a smooth manifold of dimen-
sion
dim MAm(p, q;Hs, {f
±
γ }, Js)
= µ(γ) + ind(p)− µ(γ)− ind(q) + 2〈c1(TW ), A〉.
The union over m ≥ 1 of the moduli spaces MAm(p, q;Hs, {f
±
γ }, Js) is denoted by
MA(p, q;Hs, {f±γ }, Js) and is called the moduli space of s-dependent Morse-
Bott broken trajectories. The topology of the compactification
M
A
(p, q;Hs, {f±γ }, Js) is described similarly to the s-independent case.
An increasing homotopy as above defines a continuation morphism
σH+,H− : BC
a
∗ (H−)→ BC
a
∗ (H+),
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which preserves the degree and is obtained by a count of rigid configurations
in MA(p, q;Hs, {f±γ }, Js). Via the identification proved in [7, Theorem 3.7] be-
tween the Morse-Bott complexes of H± and the Floer complexes of suitable time-
dependent perturbation of these Hamiltonians, the continuation morphism σH+,H−
coincides with the usual continuation morphism in Floer homology [17]. This can
be seen for example by repeating the gluing arguments of [7] in the context of
s-dependent families.
3. Contact homology
3.1. Linearized contact homology. In this section we define linearized contact
homology of the contact manifold (M, ξ) with the symplectic filling (W,ω) follow-
ing [4].
For each free homotopy class of loops b in M we denote by Pbλ the set of all
γ′ ∈ Pλ in the homotopy class b. The inclusion i : M →֒ W induces a map (still
denoted by i) between the sets of free homotopy classes of loops in M and W
respectively. For each free homotopy class a in W we denote
P
i−1(a)
λ :=
⋃
b∈i−1(a)
Pbλ.
We assume in this section that all the closed Reeb orbits are transversally nonde-
generate in M . This means that, for every orbit γ′ of period T > 0, we have
det
(
1l− dφTλ (γ
′(0))|ξ
)
6= 0.
This can always be achieved by an arbitrarily small perturbation of λ or, equiv-
alently, of X , which does not change the symplectic homology groups. In this
situation one can assign to each γ′ ∈ Pλ a Conley-Zehnder index µCZ(γ′) accord-
ing to the following recipe.
We fix a reference loop la : S
1 → Ŵ for each free homotopy class a in Ŵ such
that [la] = a. If a is the trivial homotopy class we choose la to be a constant loop,
and we require that la−1 coincides with the loop la with the opposite orientation.
We also choose symplectic trivializations
Φa : S
1 × R2n → l∗aTŴ
for each class a. If a is the trivial homotopy class we choose the trivialization to be
constant, and we require that Φa−1(θ, ·) = Φa(−θ, ·), θ ∈ S
1 = R/Z.
We fix a reference loop lb : S
1 → M for each free homotopy class b in M such
that [lb] = b. If b is the trivial homotopy class we choose lb to be a constant loop
and we require that lb−1 coincides with lb with the opposite orientation. We define
symplectic trivializations
Φb : S
1 × R2n−2 → l∗bξ
as follows. For each class b we choose a homotopy hab : S
1 × [0, 1] → W from la,
a = i(b) to lb such that
(20) ha−1b−1(τ, ·) = hab(−τ, ·).
We extend the trivialization Φa : S
1 × R2n → l∗aTŴ over the homotopy hab to get
a trivialization Φ′b : S
1×R2n → l∗bTŴ . This trivialization is homotopic to another
one, still denoted Φ′b, such that
Φ′b(S
1 × R2n−2 × {0} × {0}) = l∗bξ,
Φ′b(S
1 × {0} × R× {0}) = l∗b 〈
∂
∂t
〉,(21)
Φ′b(S
1 × {0} × {0} × R) = l∗b 〈Rλ〉.
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We define Φb := Φ
′
b|S1×R2n−2×{0}×{0}. If b is the trivial homotopy class we choose
hab to be a path of constant loops, so that Φb is constant.
We fix for each γ′ ∈ Pλ a map σγ′ : Σ → M , with Σ a Riemann surface with
two boundary components ∂0Σ (with the opposite boundary orientation) and ∂1Σ
(with the boundary orientation), satisfying
(22) σ|∂0Σ = l[γ′], σ|∂1Σ = γ
′.
For each γ′ ∈ Pλ there exists a unique (up to homotopy) trivialization
Φ : Σ× R2n−2 → σ∗γ′ξ
such that Φ = Φ[γ′] on ∂0Σ× R
2n−2. Let
(23) Ψ : [0, T ]→ Sp(2n− 2),Ψ(τ) := Φ−1 ◦ dφτλ(p) ◦ Φ, p ∈ γ
′([0, T ]).
Because γ′ is nondegenerate we can define the Conley-Zehnder index µ(γ′) by
(24) µ(γ′) := µ(γ′, σγ′) := µCZ(Ψ),
where µCZ(Ψ) is the Conley-Zehnder index of a path of symplectic matrices [27].
Remark 3. Given B ∈ H2(M ;Z), we define a map σγ′#B up to homology as the
connected sum of σγ′ with a surface representing B. If, in the previous construction,
we replace σγ′ with σγ′#B, then the resulting index will be
(25) µ(γ′, σγ′#B) = µ(γ
′, σγ′) + 2〈c1(ξ), B〉.
Note that c1(ξ) = i
∗c1(TW ) because i
∗TW = ξ ⊕ 〈 ∂∂t , Rλ〉. Moreover, the parity
of µ(γ′) is well-defined independently of the trivialization of ξ along γ′.
For each simple orbit γ′ ∈ Pλ we denote by γ′
k
, k ∈ Z+ its positive iterates.
The parity of the Conley-Zehnder index of all the odd, respectively even iterates is
the same. If these two parities differ we say that all even iterates γ′
2k
, k ∈ Z+ are
bad orbits. It can be seen that the even iterates of a simple orbit γ′ of period T
are bad if and only if dφTλ (p)|ξ, p ∈ γ
′([0, T ]) has an odd number of real negative
eigenvalues strictly smaller than −1. The orbits in Pλ which are not bad are called
good orbits.
We define a grading on Λω by |eA| := −2〈c1(TW ), A〉. Note that, if A = i∗(B),
B ∈ H2(M ;Z) then |eA| = −2〈c1(ξ), B〉. For each free homotopy class of loops a in
W , the contact chain group with coefficients in Λω is denoted by C
i−1(a)
∗ (λ)
and is defined as the free Λω-module generated by all good orbits γ
′ ∈ P
i−1(a)
λ . The
grading is given by
|eAγ′| := µ(γ′)− 2〈c1(TW ), A〉+ n− 3.
We define the reduced Conley-Zehnder index µ(γ′) := µ(γ′) + n − 3, so that
the grading is |eAγ′| = µ(γ′)− 2〈c1(TW ), A〉.
We call the symplectic manifold (M×R, d(etλ)) the symplectization of (M, ξ).
Its symplectomorphism type does not depend on λ, but only on the isotopy class
of ξ. Let J (λ) denote the set of admissible almost complex structures on
M × R, consisting of elements J∞ satisfying
(26)
{
J∞ (p,t)|ξ = J0,
J∞ (p,t)
∂
∂t = Rλ
on M × R. Here J0 is any compatible complex structure on the symplectic bundle
(ξ, dλ) which is independent of θ and t.
¿From now on, we choose for each γ′ ∈ Pλ a point Pγ′ on the geometric image
of γ′.
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Let J∞ ∈ J (λ), γ
′, γ′, γ′1, . . . , γ
′
k ∈ Pλ and B ∈ H2(M ;Z). We define the space
M̂B(γ′, γ′, γ′1, . . . , γ
′
k; J∞)
of punctured J∞-holomorphic cylinders as the set of tuples
(F,L, L, L1, . . . , Lk),
consisting of a solution
F = (f, a) : R× S1 \ {z1, . . . , zk} = CP
1 \ {0,∞, z1, . . . , zk} →M × R
of the Cauchy-Riemann equation
(27) ∂sF + J∞∂θF = 0,
and of half-lines Li ⊂ Tzi(R × S
1), L ⊂ T0CP 1, L ⊂ T∞CP 1, subject to the
asymptotic conditions
(28) lim
s→±∞
a(s, θ) = ∓∞,
(29) lim
s→−∞
f(s, θ) = γ′(−Tθ), lim
s→+∞
f(s, θ) = γ′(−Tθ)
uniformly in θ, and
(30) lim
z→0, z∈L
f(z) = Pγ′ , lim
z→∞, z∈L
f(z) = Pγ′ .
Moreover, we require that, given polar coordinates (ρi, θi) ∈]0, 1]×R/Z around zi,
we have
(31) lim
z→zi
a(z) = −∞, lim
ρi→0
f(ρi, θi) = γ
′
i(Tiθi), i = 1, . . . , k,
(32) lim
z→zi, z∈Li
f(z) = Pγ′i , i = 1, . . . , k.
In addition, we require that
(33) [(σγ′ ∪ σγ′1 ∪ . . . ∪ σγ′k)#f ] = [σγ′#B].
These convergence conditions are to be understood for some Rλ-parametrized rep-
resentatives of γ′i, respectively γ
′, γ′. By the conditions z ∈ Li we mean that z
belongs to some curve with endpoint zi and asymptotically tangent to Li (similarly
for L, L). The half-lines L,L, L1, . . . , Lk are called asymptotic markers. We
refer to Figure 3.(b) on page 39 for a representation of these objects (see also the
notion of a capped punctured J-holomorphic cylinder at the end of this section).
Notational convention. To simplify, we shall use the shorthand notation F ∈
M̂B(γ′, γ′, γ′1, . . . , γ
′
k; J∞) for a tuple (F,L, L, L1, . . . , Lk). The same convention
applies for all subsequent (moduli) spaces.
Remark 4. Our convention for the asymptotic behaviour is different from the usual
one in contact homology and is motivated by the usual conventions for symplectic
homology.
Remark 5. Under the nondegeneracy assumption on γ′, γ′, γ′1, . . . , γ
′
k, the condi-
tions (28), (29) and (31) are equivalent to the finiteness of the Hofer energy [20,
Theorem 1.2]
E(F ) := sup
φ∈C
∫
R×S1\{z1,...,zk}
F ∗d(φλ),
where C := {φ ∈ C∞(R, [0, 1]) |φ′ ≥ 0}. We define the contact action functional
Aλ : C
∞(S1,M)→ R : γ′ 7→
∫
S1
γ′
∗
λ.
For every F ∈ M̂B(γ′, γ′, γ′1, . . . , γ
′
k; J∞) we have E(F ) = Aλ(γ
′).
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The group of biholomorphisms on the domain of F is R× S1 and it acts freely
on the space M̂B(γ′, γ′, γ′1, . . . , γ
′
k; J∞) by
h · F := F ◦ h−1, h · L := h∗L
with L ∈ {L,L, L1, . . . , Lk}. Themoduli space of punctured J∞-holomorphic
cylinders is defined by
MB(γ′, γ′, γ′1, . . . , γ
′
k; J∞) := M̂
B(γ′, γ′, γ′1, . . . , γ
′
k; J∞)/(R× S
1).
It follows from equation (35) below that the virtual dimension of this moduli space
is
µ(γ′)− µ(γ′) + 2〈c1(ξ), B〉 −
k∑
i=1
µ(γ′i).
An almost complex structure J∞ ∈ J (λ) is called regular for cylinders if
the linearized operator below is surjective for all γ′, γ′ ∈ Pλ, B ∈ H2(M ;Z) and
F ∈ M̂B(γ′, γ′; J∞). The linearized operator is
DF : W
1,p,d(R× S1, F ∗T (M × R))⊕ R4 → Lp,d(R× S1, F ∗T (M × R)),
DF ζ := ∇sζ + J∞∇θζ + (∇ζJ∞)∂θF,
where ζ := ζ0 + v
1
−ζ
1
− + v
2
−ζ
2
− + v
1
+ζ
1
+ + v
2
+ζ
2
+, ζ0 ∈ W
1,p,d(R × S1, F ∗T (M × R)),
vi± ∈ R, i = 1, 2, p > 2, d > 0 small enough. The sections ζ
i
±, i = 1, 2 are
asymptotically constant with the following asymptotic values:
ζ1−(s, θ) = Rλ, ζ
2
−(s, θ) = ∂/∂t for s ≤ −1,
ζi−(s, θ) = 0 for s ≥ 1,
ζi+(s, θ) = ζ
i
−(−s, θ), i = 1, 2.
The spaces W 1,p,d(R × S1, F ∗T (M × R)) and Lp,d(R × S1, F ∗T (M × R)) are the
completions of C∞(R× S1, F ∗T (M × R)) with respect to the norms
‖ζ‖1,p,d :=
(∫
R×S1
(‖ζ‖p + ‖∇sζ‖
p + ‖∇θζ‖
p)ed|s| dsdθ
)1/p
,
‖ζ‖p,d :=
(∫
R×S1
‖ζ‖ped|s| dsdθ
)1/p
.
Because the orbits γ′, γ′ are transversally nondegenerate the operator DF is Fred-
holm with index [6, Proposition 4]
(34) ind(DF ) = µ(γ
′)− µ(γ′) + 2〈c1(ξ), B〉 + 2, F ∈ M̂
B(γ′, γ′; J∞),
so that the virtual dimension of MB(γ′, γ′; J∞) is µ(γ
′)− µ(γ′) + 2〈c1(ξ), B〉.
The above discussion can be generalized in a fairly straightforward way in order
to define regular almost complex structures for punctured holomorphic
cylinders. The relevant operator now has index
(35) ind(DF ) = µ(γ
′)− µ(γ′) + 2〈c1(ξ), B〉 −
k∑
i=1
µ(γ′i) + 2
for F ∈ M̂B(γ′, γ′, γ′1, . . . , γ
′
k; J∞). The point is that, unlike in Floer homology, the
existence of almost complex structures which are regular for punctured cylinders is
not guaranteed. Indeed, since the almost complex structure is not domain depen-
dent, a ramified covering of a punctured holomorphic cylinder is again holomorphic,
and its index may be smaller than the dimension of the space of ramified coverings.
In that case the corresponding linearized operator cannot be surjective.
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Let now J be a time-independent almost complex structure on Ŵ which is com-
patible with ω̂ and whose restriction J∞ toM×R
+ is translation invariant and cor-
responds to an element of J (λ). A J-holomorphic plane in Ŵ is a J-holomorphic
map F : C = CP 1 \ {∞} → Ŵ such that, for |z| large enough F (z) ∈M ×R+ and,
writing F = (f, a), we have a(z)→ ∞, |z| → ∞ and there exist γ′ ∈ Pλ such that
f(re2iπθ)→ γ′(Tθ), r→∞ uniformly in θ. As for cylinders, this convergence con-
dition has to be understood with respect to some Rλ-parametrized representative
of γ′. Given γ′ ∈ Pλ, A ∈ H2(W ;Z) we define the space M̂A(γ′, ∅; J) of J-
holomorphic planes as the set of pairs (F,L) with F as above and L ⊂ T∞CP 1
a half-line, such that limz→∞, z∈L f(z) = Pγ′ and [F ] = [σγ#A]. The group of
biholomorphisms of the domain C consists of affine transformations and has real
dimension 4. It acts by
h · F := F ◦ h−1, h · L := h∗L.
The quotient is denoted by MA(γ′, ∅; J) and is called the moduli space of J-
holomorphic planes.
The relevant linearized operator now has index
ind(DF ) = µ(γ
′) + 2〈c1(TW ), A〉+ 4, F ∈ M̂
A(γ′, ∅; J),
so that the virtual dimension of MA(γ′, ∅; J) is µ(γ′) + 2〈c1(TW ), A〉. We say
that an almost complex structure J on Ŵ is regular for holomorphic planes
if the linearized operator DF is surjective for every γ
′ ∈ Pλ, A ∈ H2(W ;Z) and
F ∈ M̂A(γ′, ∅; J). Like for punctured holomorphic cylinders, the existence of such
regular almost complex structures is not guaranteed.
For the definitions that follow we assume that J is regular for the relevant holo-
morphic curves. A list of examples in which this assumption is satisfied is given in
Remark 9 below.
One can associate a sign ǫ(F ) to each element [F ] ∈ MA(γ′, ∅; J) such that
µ(γ′) + 2〈c1(TW ), A〉 = 0 (see [6]). We define a homomorphism
e : C
i−1(a)
∗ (λ)→ Λω
by
e(γ′) :=
∑
A∈H2(W ;Z)
|eA|=|γ′|
( ∑
[F ]∈MA(γ′,∅;J)
ǫ(F )
)
eA.
Remark 6. The homomorphism e is obtained from the natural augmentation
on the differential graded algebra for the full contact homology of (M,λ) defined
by the symplectic filling (W,ω) (see [4] for details on augmentations).
Given γ′ ∈ Pλ, we denote by κγ′ ∈ Z+ its multiplicity. It is the largest integer
such that γ′(θ + 1κγ′
) = γ′(θ), θ ∈ R/Z.
If k 6= 0, γ′ 6= γ′ or 0 6= B ∈ H2(M ;Z), the additive group R acts freely on the
moduli space MB(γ′, γ′, γ′1, . . . , γ
′
k; J∞) by translations in the t direction
t0 · [(f, a)] := [(f, a+ t0)].
We denote the quotient by MB(γ′, γ′, γ′1, . . . , γ
′
k; J∞)/R. This space can be com-
pactified toM
B
(γ′, γ′, γ′1, . . . , γ
′
k; J∞), a space consisting of J∞-holomorphic build-
ings with a tree structure [5, Theorem 10.1]. If k = 0, γ′ = γ′ and B = 0,
the moduli space consists of κ := κγ′ = κγ′ points. The underlying holomor-
phic curve is the constant cylinder over the orbit γ′ = γ′, and the equivalence
class of the pair of asymptotic markers (L,L) is determined by the difference
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(Arg(L) − Arg(L))/2π ∈ R/Z, which is a multiple of 1/κ. The action of R is
in this case trivial.
In the case µ(γ′) − µ(γ′) + 2〈c1(ξ), B〉 −
∑k
i=1 µ(γ
′
i) = 1, the moduli space
MB(γ′, γ′, γ′1, . . . , γ
′
k; J∞)/R is compact and therefore consists of a finite number
of points. One can associate a sign ǫ(F ) to each element [F ] of this moduli space [6]
and we define the linearized contact differential
∂ : C
i−1(a)
∗ (λ)→ C
i−1(a)
∗−1 (λ)
by
(36) ∂γ′ :=
∑
γ′,γ′1,...,γ
′
k,B
|γ′eB |+
P
|γ′i|=|γ
′|−1
nB(γ′,γ′,γ′1,...,γ
′
k;J∞)
κγ′
Qk
i=1 κγ′
i
e(γ′1) . . . e(γ
′
k)e
Bγ′,
where
nB(γ′, γ′, γ′1, . . . , γ
′
k; J∞) :=
∑
[F ]∈MB(γ′,γ′,γ′1,...,γ
′
k
;J∞)/R
ǫ(F ).
The reader is warned that the classes B in the above sum live in H2(M ;Z), but
nevertheless the coefficient in front of γ′ is an element of Λω due to the factors
e(γ′i), i = 1, . . . , k. As a matter of fact, the fraction in (36) is an integer because
our moduli spaces involve asymptotic markers.
Since e comes from the natural augmentation defined by (W,ω), it follows that
(see [4])
(37) ∂ ◦ ∂ = 0 and e ◦ ∂ = 0.
We define the linearized contact homology groups of the pair (λ, J) by
HC
i−1(a)
∗ (λ, J) := H∗(C
i−1(a)
∗ (λ), ∂).
The linearized contact homology groupsHC
i−1(a)
∗ (λ, J) depend only on the sym-
plectic filling (W,ω) of (M, ξ). Since the former is part of the data in the context
of the present paper, we simply denote the resulting homology groups by
HC
i−1(a)
∗ (M, ξ)
without reference to W .
We shall need in the sequel the following alternative description of the differential
∂ for linearized contact homology. Given A ∈ H2(W ;Z), γ
′, γ′ ∈ Pλ we define the
moduli space of capped punctured J-holomorphic cylinders
MAc (γ
′, γ′; J)
as the set of equivalence classes of pairs F = (F ′, F ′′), where F ′ is an element of
MB(γ′, γ′, γ′1, . . . , γ
′
k; J∞), γ
′
1, . . . , γ
′
k ∈ Pλ, B ∈ H2(M ;Z), F
′′ is a collection of k
J-holomorphic planes in Ŵ , of total homology class A− B ∈ H2(W ;Z), and with
asymptotics at their positive punctures corresponding to γ′1, . . . , γ
′
k. Recall that F
′
and F ′′ are endowed with asymptotic markers (L
′
, L′, L′i) and (L
′′
i ), i = 1, . . . , k
which determine conformal identifications of the tangent spaces at the punctures
with asymptotes γ′i. Two pairs
(
(L
′
0, L
′
0, L
′
i,0), (L
′′
i,0)
)
,
(
(L
′
1, L
′
1, L
′
i,1), (L
′′
i,1)
)
cor-
responding to the same maps F ′, F ′′ are equivalent if L
′
0 = L
′
1, L
′
0 = L
′
1, and
(L′i,0, L
′′
i,0) determine the same conformal identifications as (L
′
i,1, L
′′
i,1). This last
condition is equivalent to the equality
(38) Arg(L′i,0)−Arg(L
′
i,1) = Arg(L
′′
i,0)−Arg(L
′′
i,1), i = 1, . . . , k
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with respect to fixed conformal charts at the corresponding punctures. The dimen-
sion of this moduli space is
µ(γ′)− µ(γ′) + 2〈c1(TW ), A〉.
We refer to Figure 3.(b) for a representation of such objects. The differential for
linearized contact homology can then be rewritten as
(39) ∂γ′ =
∑
γ′,A
|γ′eA|=|γ′|−1
1
κγ′
∑
[F ]∈MAc (γ
′,γ′;J)/R
ǫ(F )eAγ′.
The sign ǫ(F ) is defined as the product of the signs of the components of F .
Remark 7. The proof of the invariance of HC
i−1(a)
∗ (λ, J) with respect to λ and J
makes use of the polyfold formalism currently being developed by Hofer, Wysocki
and Zehnder [18, 21].
Remark 8. Note that the linearized contact homology is related to the cylindrical
contact homology defined in [16], in the following situation. Let us assume that
c1(ξ) = 0, and that there are no Reeb orbits γ
′ with reduced Conley-Zehnder
index µ¯(γ′) = −1, 0, 1 and which are contractible in M , so that cylindrical contact
homology is well-defined. Then, if c1(TW ) = 0 and if there are no Reeb orbits γ
′ of
reduced Conley-Zehnder index µ¯(γ′) = 0 which are contractible inW , the linearized
contact homology groups are isomorphic to the cylindrical contact homology groups.
Remark 9 (Note on transversality). Let a be a free homotopy class of loops in W .
In order for the linearized contact differential to be well-defined on i−1(a) we need
that the almost complex structure J on Ŵ satisfies the following conditions.
(A) J is regular for holomorphic planes belonging to moduli spacesMA(γ′, ∅; J)
of virtual dimension ≤ 0;
(Ba) J∞ is regular for punctured holomorphic cylinders asymptotic at ±∞ to
closed Reeb orbits in i−1(a), belonging to moduli spaces of virtual dimen-
sion ≤ 2, and which are asymptotic at the punctures to closed Reeb orbits
γ′ such that MA(γ′, ∅; J) 6= ∅ and has virtual dimension 0.
We expect these technical assumptions to be completely removed using the new
ongoing approach to transversality by Cieliebak and Mohnke (see [13] for the sym-
plectic case), or using the polyfold theory developed by Hofer, Wysocki and Zehn-
der [18, 21]. We give below the list of examples known to us in which both these
conditions are satisfied. In many cases condition (A) is empty, so that linearized
contact homology reduces to cylindrical contact homology.
(i) stabilizationsW := V ×D2 of subcritical Stein manifolds V with c1(V ) = 0,
and in particular the standard balls B2n, n ≥ 2, for the trivial free homo-
topy class. In this case, if one chooses on W a symplectic form correspond-
ing to sufficiently thin handles, then there are no J-holomorphic planes
of index ≤ 0 since µ¯(γ′) ≥ n ≥ 2 for all closed Reeb orbits γ′ [34, Theo-
rem 3.1 (III), Lemma 4.2]. Thus condition (A) is empty and condition (Ba)
has to be checked only for cylinders without punctures. It is proved in [34,
Lemma 7.5] that, for each bound α on the contact action, there exists a
symplectic structure onW such that condition (B0) is satisfied for cylinders
whose asymptotes have action at most α. This is enough in order to define
linearized contact homology in the trivial free homotopy class.
(ii) negative disc bundles W over symplectically aspherical manifolds (B, β),
for the trivial free homotopy class. Here L
π
→ B is a Hermitian line bundle
with c1(L) = −[β] and W = {v ∈ L : |v| ≤ 1}. The symplectic form
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is ω̂ = π∗β + d(r2θ), where r is the radial coordinate in the fibers and θ
is the angular form, and we choose compatible almost complex structures
JB on B, J on Ŵ such that π is (J, JB)-holomorphic and J satisfies (26).
The Reeb orbits on M := ∂W are the circles in the fibers and, to achieve
nondegeneracy, we choose a Morse function f : B → R, we perturb ω̂ to
ω̂ε = ω̂ + εfd(r
2θ), ε > 0 and J to Jε so that Jε satisfies (26) for the
perturbed Reeb vector field. For each bound α on the contact action, there
exists ε > 0 such that the closed Reeb orbits with period ≤ α are the circles
in the fibers over Crit(f). We claim that Jε satisfies conditions (A) and
(B0) for curves with asymptotes of period ≤ α, which is enough for our
purposes.
The main point is that all punctured holomorphic curves in (Ŵ , J) and
(M×R, J) are contained in the fibers of L, due to the asphericity of B. The
index of a curve with one positive puncture and m negative punctures is
dim(B)+2(m−1), and a direct computation shows that they are all regular
(obvious elements in the kernel of the linearized operator correspond to
varying the basepoint and the m− 1 ramification points). The Morse-Bott
analysis in [3, Chapter 5] shows that, after a slight perturbation of the
evaluation maps on the above moduli spaces, regularity still holds after ε-
perturbation. The Jε-holomorphic curves involved in condition (A) are the
fibers over minima of f , and the Jε-holomorphic curves involved in (B0) are
trivial cylinders contained in the fibers over Crit(f), cylinders over gradient
trajectories of f of index 1 or 2, and once punctured cylinders contained in
the fibers over the minima of f .
(iii) unit cotangent bundles W = DT ∗L = {v ∈ T ∗L : |v| ≤ 1} of closed
Riemannian manifolds L such that (A) is empty, for a free homotopy class
a containing only simple closed geodesics. Condition (A) is empty if either
dim L ≥ 4 or L carries no contractible closed geodesics. In the first case the
lift γ′α of a closed geodesic α satisfies µ¯(γ
′
α) = indMorse(α)+dim L− 3 ≥ 1,
whereas the second case includes manifolds with strictly negative sectional
curvature and flat tori. Condition (Ba) is satisfied because any cylinder
asymptotic at ±∞ to a simple orbit is somewhere injective, and the set of
almost complex structures which are regular for somewhere injective curves
is of the second Baire category in J (λ) [15, Theorem 1.8].
3.2. A non-equivariant construction. In this section we apply the Morse-Bott
formalism of [7] in the context of contact homology. The result is a chain complex
closely related to the non-equivariant contact homology construction of [14].
For γ′ ∈ Pλ we denote by S′γ the circle of parametrized closed Reeb orbits
representing γ′. Given γ′, γ′, γ′1, . . . , γ
′
k ∈ Pλ and B ∈ H2(M ;Z) we denote by
M̂B(S′γ , S
′
γ , γ
′
1, . . . , γ
′
k; J∞)
the space of punctured S1-parametrized J∞-holomorphic
cylinders, consisting of tuples (u, L1, . . . , Lk) such that
u = (f, a) : R× S1 \ {z1, . . . , zk} →M × R
satisfies
∂su+ J∞∂θu = 0,
the Li’s are asymptotic markers at the punctures zi, and we require
lim
s→±∞
a(s, θ) = ∓∞, lim
s→−∞
f(s, ·) ∈ S′γ , lim
s→∞
u(s, ·) ∈ S′γ ,
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as well as (31), (32), and (33) at z1 . . . , zk. The asymptotic conditions on f have
to be understood in the sense of (29). Note that the space of punctured J∞-
holomorphic cylinders M̂B(γ′, γ′, γ′1, . . . , γ
′
k; J∞) defined in the previous section
consists of κγ′κγ′ copies of the space M̂
B(S′γ , S
′
γ , γ
′
1, . . . , γ
′
k; J∞).
The group R acts on M̂B(S′γ , S
′
γ , γ
′
1, . . . , γ
′
k; J∞) by translations in the s-variable
and we denote by
MB(S′γ , S
′
γ , γ
′
1, . . . , γ
′
k; J∞) := M̂
B(S′γ , S
′
γ , γ
′
1, . . . , γ
′
k; J∞)/R
the moduli space of punctured S1-parametrized J∞-holomor-
phic cylinders.
Since the almost complex structure J∞ satisfies assumption (Ba), the moduli
spaceMB(S′γ , S
′
γ , γ
′
1, . . . , γ
′
k; J∞), γ
′, γ′ ∈ i−1(a) is a smooth manifold of dimension
µ(γ′)− µ(γ′) + 2〈c1(ξ), B〉 −
k∑
i=1
µ(γ′i) + 1.
This differs by 1 from the dimension of the moduli spaceMB(γ′, γ′, γ′1, . . . , γ
′
k; J∞),
because the S1-symmetry is now broken.
If γ′ 6= γ′ the group R acts freely on the above moduli space by translations
in the t direction, and we denote the quotient by MB(S′γ , S
′
γ , γ
′
1, . . . , γ
′
k; J∞)/R.
Each such quotient is equipped with smooth evaluation maps ev, ev with target
S′γ , respectively S
′
γ .
Given γ′ ∈ Pλ we choose a Morse function f ′γ : S
′
γ → R having two critical points
m′ and M ′. We denote by φf ′γ the flow of ∇f
′
γ with respect to some Riemannian
metric on S′γ . For p
′ ∈ Crit(f ′γ) we denote the Morse index by
ind(p′) := dimWu(p′; f ′γ).
We denote by γ′p the Reeb orbit in S
′
γ which corresponds to the critical point
p′ ∈ Crit(f ′γ). We define the grading by
(40) |γ′p| := |γ
′|+ ind(p′).
Let γ′, γ′, γ′11, . . . , γ
′1
k1 , . . . , γ
′m
1 , . . . , γ
′m
km ∈ Pλ, p
′ ∈ Crit(f ′γ), q
′ ∈ Crit(f ′γ) and
B ∈ H2(M ;Z). For m ≥ 0 we denote by
MBm(p
′, q′, γ′
1
1, . . . , γ
′1
k1 , . . . , γ
′m
1 , . . . , γ
′m
km ; {f
′
γ}, J∞)
the union over γ˜′1, . . . , γ˜
′
m−1 ∈ Pλ and B1 + . . .+Bm = B of the fibered products
Wu(p′)×ev ((M
B1(S′γ , S
′
eγ1 , γ
′1
1, . . . , γ
′1
k1)/R) × R
+)
ϕfeγ1
◦ev×ev ((M
B2(S′eγ1 , S
′
eγ2 , γ
′2
1, . . . , γ
′2
k2)/R) × R
+)(41)
. . . ϕfeγm−1◦ev
×evM
Bm(S′eγm−1 ,S
′
γ , γ
′m
1 , . . . , γ
′m
km)/R ev×W
s(q′).
In this fibered product, the factors R+ play the role of flow times for the maps
ϕfeγ1 , . . . , ϕfeγm−1 . By our transversality assumptions, this is a smooth manifold of
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dimension
dim MBm(p
′, q′, γ′
1
1, . . . , γ
′1
k1 , . . . , γ
′m
1 , . . . , γ
′m
km ; {f
′
γ}, J∞)
= ind(p′)− 1 + (dim MB1(S′γ , S
′
eγ1 , γ
′1
1, . . . , γ
′1
k1 ; J∞)/R+ 1)− 1
+ ...+ dim MBm(S′eγm−1 , S
′
γ , γ
′m
1 , . . . , γ
′m
km ; J∞)/R
−1 + (1− ind(q′))
= µ(γ′)− µ(γ′) + ind(p′)− ind(q′)− 1
+ 2〈c1(ξ), B1 + ...+Bm〉 −
m∑
i=1
ki∑
j=1
µ¯(γ′
i
j)
= |γ′p| − |γ
′
q
| −
m∑
i=1
ki∑
j=1
µ¯(γ′
i
j) + 2〈c1(ξ), B〉 − 1.
We denote
MB(p′, q′, γ′1, . . . , γ
′
k; {f
′
γ}, J∞)
:=
⋃
m≥0
MBm(p
′, q′, γ′
1
1, . . . , γ
′1
k1 , . . . , γ
′m
1 , . . . , γ
′m
km ; {f
′
γ}, J∞)
with {γ′11, . . . , γ
′1
k1 , . . . , γ
′m
1 , . . . , γ
′m
km} = {γ
′
1, . . . , γ
′
k}, and we call this the mod-
uli space of punctured S1-parametrized broken J∞-holomorphic cylin-
ders, whereas
MBm(p
′, q′, γ′
1
1, . . . , γ
′1
k1 , . . . , γ
′m
1 , . . . , γ
′m
km ; {f
′
γ}, J∞)
will be called the moduli space of punctured S1-parametrized broken J∞-
holomorphic cylinders with m sublevels. We refer to Figure 3.(c) on page 39
for a representation of the elements of these moduli spaces (see also the capped
version at the end of this section).
The compactified moduli spacesM
B
(p′, q′, γ′1, . . . , γ
′
k; {f
′
γ}, J∞) admit a topol-
ogy which is described similarly to that ofM
A
(p, q;H, {fγ}, J) in Section 2.2. The
boundary (and corners) of M
B
(p′, q′, γ′1, . . . , γ
′
k; {f
′
γ}, J∞) contain configurations
which involve broken gradient trajectories, like for M
A
(p, q;H, {fγ}, J), but also
configurations which involve punctured S1-parametrized broken J∞-holomorphic
cylinders and genus zero J∞-holomorphic buildings of arbitrary height (in the sense
of [5, Section 7.2]), with exactly one positive puncture.
Remark 10. Since we are considering parametrized Reeb orbits γ′, γ′, all moduli
spaces under consideration are orientable provided that the asympotes γ′1, . . . , γ
′
k are
good. In the sequel we shall restrict ourselves to such asymptotes at the punctures.
Then one can associate a sign ǫ(F ) to each [F ] ∈ MB(p′, q′, γ′1, . . . , γ
′
k; {f
′
γ}, J∞)
by using coherent orientations [6] and the fiber-sum rule [7, §4].
Let a be a free homotopy class of loops in W . We define a differential complex,
which we call the S1-parametrized contact complex, by setting
BC
i−1(a)
∗ (λ) :=
⊕
γ′∈P
i−1(a)
λ
Λω〈γ
′
m, γ
′
M 〉.
We define the S1-parametrized contact differential
δ : BC
i−1(a)
∗ (λ)→ BC
i−1(a)
∗−1 (λ)
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by
(42) δγ′p :=
∑
γ′
q
,γ′1,...,γ
′
k,B
|γ′
q
eB |+
P
|γ′i|=|γ
′
p|−1
nB(p′,q′,γ′1,...,γ
′
k;{f
′
γ},J∞)
Qk
i=1 κγ′
i
e(γ′1) . . . e(γ
′
k)e
Bγ′
q
,
where
nB(p′, q′, γ′1, . . . , γ
′
k; {f
′
γ}, J∞) :=
∑
[F ]∈MB(p′,q′,γ′1,...,γ
′
k;{f
′
γ},J∞)
ǫ(F ).
The classes B in the above sum live in H2(M ;Z), but nevertheless the coefficient
in front of γ′
q
is an element of Λω due to the factors e(γ
′
i), i = 1, . . . , k. Moreover,
the fraction in (42) is an integer.
The map δ satisfies δ ◦ δ = 0. As explained above, the boundary of the 1-
dimensional moduli spaces MB(p′, q′, γ′1, . . . , γ
′
k; {f
′
γ}, J∞) consists of configura-
tions with a single broken gradient trajectory, and of configurations involving a
rigid punctured J∞-holomorphic cylinder. The count of configurations of the first
type using the augmentation e is equal to δ ◦ δ, and the count of configurations
of the second type using the augmentation e involves e ◦ ∂ = 0 and hence van-
ishes. As a consequence, the composition δ ◦ δ vanishes as well. The homology
groups H∗(BC
i−1(a)
∗ (λ), δ) are actually isomorphic to the non-equivariant contact
homology groups of [14].
Remark 11. Let α ∈ R+ be such that α /∈ Spec(M,λ). One can define subcom-
plexes
BC
i−1(a),≤α
∗ (λ) :=
⊕
γ′∈P
i−1(a),≤α
λ
Λω〈γ
′
m, γ
′
M 〉 ⊆ BC
i−1(a)
∗ (λ)
and, for α→∞, we obviously have
lim
−→
α
H∗(BC
i−1(a),≤α
∗ (λ), δ) = H∗(BC
i−1(a)
∗ (λ), δ).
We can give an alternative description of the S1-parametrized contact differential
as follows. Given A ∈ H2(W ;Z), γ
′, γ′ ∈ Pλ, p′ ∈ Crit(f ′γ), q
′ ∈ Crit(f ′γ) we
define the moduli space of capped punctured S1-parametrized broken J-
holomorphic cylinders
MAc (p
′, q′; {f ′γ}, J)
as the set of equivalence classes of pairs u = (u′, u′′), with u′ an element of the mod-
uli space MB(p′, q′, γ′1, . . . , γ
′
k; {f
′
γ}, J∞), γ
′
1, . . . , γ
′
k ∈Pλ, B∈H2(M ;Z), and u
′′ a
collection of J-holomorphic planes in Ŵ , of total homology class A−B ∈ H2(W ;Z),
and with asymptotics at their positive punctures corresponding to γ′1, . . . , γ
′
k. The
elements u′, u′′ are endowed with asymptotic markers L′i, L
′′
i , i = 1, . . . , k. Two
collections of asymptotic markers (L′i,0, L
′′
i,0), (L
′
i,1, L
′′
i,1) are equivalent if they sat-
isfy (38). The dimension of this moduli space is
|γ′p| − |γ
′
q
|+ 2〈c1(TW ), A〉 − 1.
We refer to Figure 3.(c) on page 39 for a pictorial representation of these objects.
The S1-parametrized contact differential can then be rewritten as
(43) δγ′p =
∑
γ′
q
,A
|γ′
q
eA|=|γ′p|−1
∑
u∈MAc (p
′,q′;{f ′γ},J)
ǫ(u)eAγ′
q
.
The sign ǫ(u) is defined as the product of the signs of the components of u.
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Remark 12. One can define in an obvious manner moduli spaces
MAc (S
′
γ , S
′
γ ; J)
of capped punctured S1-parametrized J∞-holomorphic cylinders, having dimension
µ(γ′)−µ(γ ′)+ 2〈c1(TW ), A〉+1, so that the moduli spacesMAc (p
′, q′; {f ′γ}, J) are
obtained fromMAc (S
′
γ , S
′
γ ; J) via a fibered product construction analogous to (41).
4. Filtrations
This section is organized as follows. We first exhibit natural filtrations on the
Morse-Bott complex for symplectic homology, as well as on the S1-parametrized
contact complex. We then describe the differential on the 0-th page of the associated
spectral sequences. The crucial result in that direction is Proposition 3. We then
define an isomorphism of filtered complexes in Proposition 4, and explain the main
steps for the proof of Theorem 1.
Let a be a free homotopy class of loops in W . For a 6= 0 or a = + we define
(44) BkC
a
∗ (H) :=
⊕
γ∈Pa(H)
A∈H2(W ;Z)
µ(γ)−2〈c1(TW ),A〉=k
〈eAγm, e
AγM 〉.
We claim that
⊕k≤ℓBkC
a
∗ (H), ℓ ∈ Z
forms an increasing filtration on BCa∗ (H). Indeed, the sum (18) involves elements
γp, γq such that µ(γ) + ind(p)− µ(γ)− ind(q) + 2〈c1(TW ), A〉 = 1. Since
ind(p)− ind(q) ∈ {−1, 0, 1}
it follows that
µ(γ)− µ(γ) + 2〈c1(TW ), A〉 ∈ {0, 1, 2}.
As a consequence, the differential d on BCa∗ (H) can be written as
(45) d = d0 + d1 + d2,
with
di : BkC
a
∗ (H)→ Bk−iC
a
∗ (H), i = 0, 1, 2.
Similarly, we define a filtration on BC
i−1(a),≤α
∗ (λ)
(46) BkC
i−1(a),≤α
∗ (λ) :=
⊕
γ′∈P
i−1(a),≤α
λ
A∈H2(W ;Z)
µ(γ′)−2〈c1(TW ),A〉=k
〈eAγ′m, e
Aγ′M 〉.
The same argument as above shows that
⊕k≤ℓBkC
a
∗ (λ), ℓ ∈ Z
forms an increasing filtration on BC
i−1(a),≤α
∗ (λ), and the differential δ can be writ-
ten as
δ = δ0 + δ1 + δ2
with
δi : BkC
i−1(a),≤α
∗ (λ)→ Bk−iC
i−1(a),≤α
∗ (λ), i = 0, 1, 2.
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Remark 13 (on the pictorial representation of the moduli spaces). We have drawn
in Figure 3 on page 39 elements of the moduli spaces involved in δi, i = 0, 1, 2. The
justification for δ0 and δ1 is given below, whereas the justification for δ2 is given
in Section 7.2. It is a consequence of Proposition 3 and Remark 14 that we can
choose the Hamiltonian H so that the same type of moduli spaces are involved also
in the differentials di, i = 0, 1, 2.
We now further elaborate on the differential δ0, corresponding to orbits γ′, γ′ ∈
P
i−1(a),≤α
λ such that µ(γ
′)− µ(γ′) + 2〈c1(TW ), A〉 = 0. The decomposition (46) of
BkC
i−1(a),≤α
∗ (λ) as a direct sum induces a splitting of the differential δ
0 as
δ0 =
∑
γ′∈P
i−1(a),≤α
λ
δ0γ′ ,
with im(δ0γ′) ⊂ Λω〈γ
′
m, γ
′
M 〉.
We claim that δ0γ′(γ
′) = 0 if γ′ 6= γ′. Let us recall for that purpose the
moduli spaces of capped punctured S1-parametrized J∞-holomorphic cylinders
MAc (γ
′
p, γ
′
q
; J) defined in Remark 12. Each such space necessarily has dimension
1. However, it carries a nontrivial S1-action, as well as a free R-action on the tar-
get if γ′ 6= γ′, in which case it must be empty. As a consequence, we must have
δ0(γ′) = δ0γ′(γ
′). Since the difference of actions of the asymptotes at ±∞ for ele-
ments ofMAc (S
′
γ , S
′
γ ; J∞) is zero, the latter spaces are nonempty only if A = 0 and
there are no punctures. Hence δ0 counts gradient trajectories and, in particular, we
have δ0(γ′M ) = 0. The next result is a straightforward adaptation of Lemma 4.25
in [7].
Proposition 1. If γ′ ∈ P
i−1(a),≤α
λ is a good orbit, then
δ0(γ′m) = 0.
If γ′ ∈ P
i−1(a),≤α
λ is a bad orbit, then
δ0(γ′m) = ±2γ
′
M .
Let us now discuss the differential d0, which corresponds to orbits γ, γ ∈ Pa(H)
such that µ(γ)− µ(γ) + 2〈c1(TW ), A〉 = 0. As above, it also splits as
d0 =
∑
γ∈Pa(H)
d0γ
with im(d0γ) ⊂ Λω〈γm, γM 〉.
One important situation is γ = γ. In this case the moduli spaces of Floer
trajectoriesMA(γ, γ;H, J), A 6= 0 are empty, whereas the space M0(Sγ , Sγ ;H, J)
consists of constant cylinders and is naturally parametrized by Sγ . The Morse-
Bott differential d0γ(γp), p ∈ Crit(fγ) is given by a count of gradient trajectories
and therefore
d0γ(γM ) = 0,
while d0γ(γm) is a multiple of γM . The next statement is a reformulation of
Lemma 4.25 in [7].
Proposition 2. If γ ∈ P≤αλ is a good orbit then
d0γγm = 0.
If γ ∈ P≤αλ is a bad orbit then
d0γγm = ±2γM .
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We shall describe in Section 5.1 a procedure for slowing down the Hamiltonian
H which produces a family HR, R > 0.
Proposition 3. Assume the almost complex structure Ĵ on Ŵ satisfies condi-
tions (A) and (Ba) in Section 3.1. If R > 0 is large enough, then we have
MA(Sγ , Sγ ;HR, Ĵ) = ∅ if γ 6= γ ∈ P
≤α
λ , γ, γ ∈ i
−1(a) and µ(γ) − µ(γ) +
2〈c1(TW ), A〉 = 0.
The proof of Proposition 3 is given at the end of Section 5.1.
Remark 14. By a limiting argument, one sees that the conclusion of Proposition 3
still holds if J ∈ Jreg(HR) is a small time-dependent perturbation of Ĵ . As a
consequence, one can find regular almost complex structures for which d0(γp) =
d0γ(γp), γ ∈ P
≤α
λ , p ∈ Crit(fγ) and Proposition 2 holds with d
0
γ replaced by d
0.
Remark 15. We assume in this remark that the almost complex structure Ĵ on
Ŵ satisfies conditions (A) and (Ba) in Section 3.1. Let H
R
− ≤ H
R
+ be slow Hamil-
tonians as constructed in Section 5.1, and let HRs , s ∈ R be an increasing homo-
topy. If R > 0 is large enough and if ∂sH
R
s is small enough in C
0-norm, we have
MA(Sγ , Sγ ;H
R
s , Ĵ) = ∅ for γ ∈ P
≤α(HR− ), γ ∈ P
≤α(HR+ ) such that γ, γ ∈ i
−1(a)
and µ(γ) − µ(γ) + 2〈c1(TW ), A〉 = −1. This is essentially a consequence of the
fact that the homotopy HRs is independent of θ, and is proved using the arguments
for the proof of Proposition 3 in Section 5.1 (the dimensions of the corresponding
moduli spaces have to be shifted by 1 due to the s-dependence of the equation).
Moreover, the conclusion of Remark 14 above continues to hold in the s-dependent
situation.
This implies that the continuation morphism
σHR+ ,HR− : BC
a
∗ (H
R
−)→ BC
a
∗ (H
R
+ )
defined in Section 2.2 preserves the filtrations. Indeed, this map preserves the degree
and is obtained by a count of rigid configurations inMA(p, q;HRs , {f
±
γ }, Js), which
can be of the following types:
(1) MA(m,M ;HRs , {f
±
γ }, Js), with µ(γ)− µ(γ) + 2〈c1(TW ), A〉 = −1;
(2) MA(m,m;HRs , {f
±
γ }, Js) or M
A(M,M ;HRs , {f
±
γ }, Js), such that µ(γ) −
µ(γ) + 2〈c1(TW ), A〉 = 0;
(3) MA(M,m;HRs , {f
±
γ }, Js), with µ(γ)− µ(γ) + 2〈c1(TW ), A〉 = 1.
Our discussion shows that rigid configurations of Type 1 do not exist, hence σHR+ ,HR−
preserves the filtrations.
We shall describe in Section 5.2 a procedure for stretching the neck in the neigh-
bourhood of ∂W which produces a deformed almost complex structure Jτ and a
deformed Hamiltonian Hτ,R, τ > 0 on Ŵ , so that Jτ ∈ Jreg(Hτ,R), the conclu-
sion of Proposition 3 still holds and the Floer trajectories of Hτ,R are “close” to
punctured Floer trajectories in the symplectization, capped with rigid holomorphic
planes in Ŵ . ¿From now on we denote by H , J the Hamiltonian Hτ,R and the
almost complex structure Jτ with the above properties.
Let (Erd , d¯
r) and (Erδ , δ¯
r), r ≥ 0 be the spectral sequences corresponding to the
above filtrations on the complexes (BCa∗ (H), d) and (BC
i−1(a),≤α
∗ (λ), δ) respec-
tively. As a consequence of the previous discussion on δ0 and d0 we infer that
(47) E1δ := H∗(BC
i−1(a),≤α
∗ (λ), δ
0) = C
i−1(a),≤α
∗ (λ)⊗H∗(S
1)
and
(48) E1d := H∗(BC
a
∗ (H), d
0) ≃ C
i−1(a),≤α
∗ (λ) ⊗H∗(S
1)
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as Λω-modules. As a consequence we have E
1
δ ≃ E
1
d as Λω-modules. The next state-
ment implies in particular that we have an isomorphism of differential complexes
(E1δ , δ¯
1) ≃ (E1d , d¯
1).
Proposition 4. There is an isomorphism of filtered complexes
Φ : BC
i−1(a),≤α
∗ (λ)
∼
→ BCa∗ (H)
which decreases the degree by n− 3.
The proof of Proposition 4 is given in Section 6.
Corollary 1. The map Φ induces an isomorphism of spectral sequences
(Erδ , δ¯
r)
∼
→ (Erd , d¯
r), r ≥ 0.
The differential δ¯1 is closely connected to the differential ∂ for linearized con-
tact homology. More precisely, δ¯1 is given by a count of elements in moduli spaces
MAc (p
′, q′; {f ′γ}, J), p
′ ∈ Crit(f ′γ), q
′ ∈ Crit(f ′γ) with ind(p
′) = ind(q′), so that
either Wu(p′) or W s(q′) is reduced to one point. If p′ = M ′ is a maximum,
then Wu(p′) is reduced to one point and the moduli space MAc (p
′, q′; {f ′γ}, J) is
diffeomorphic to κγ′ copies of the quotientM
A
c (S
′
γ , S
′
γ ; J)/S
1. If q′ = m′ is a mini-
mum, thenW s(q′) is reduced to one point and the moduli spaceMAc (p
′, q′; {f ′γ}, J)
is diffeomorphic to κγ′ copies of the quotient MAc (S
′
γ , S
′
γ ; J)/S
1. Recalling that
MAc (γ
′, γ′; J) is diffeomorphic to κγ′κγ′ copies of M
A
c (S
′
γ , S
′
γ ; J)/S
1, and denot-
ing by #MAc (S
′
γ , S
′
γ ; J)/S
1 the algebraic count of elements of the moduli space
MAc (S
′
γ , S
′
γ ; J)/S
1, we obtain
∂(γ′) =
∑
A,γ′
κγ′#M
A
c (Sγ′ , Sγ′ ; J)/S
1eAγ′,
δ¯1(γ′M ) =
∑
A,γ′
κγ′#M
A
c (Sγ′ , Sγ′ ; J)/S
1eAγ′
M
,
δ¯1(γ′m) =
∑
A,γ′
κγ′#M
A
c (Sγ′ , Sγ′ ; J)/S
1eAγ′
m
.
We define an automorphism Θ of C
i−1(a),≤α
∗ (λ) ⊗H∗(S
1) by
(49) Θ(γ′ ⊗M) := γ′ ⊗M, Θ(γ′ ⊗m) :=
1
κγ′
γ′ ⊗m.
Here M , m are the generators of H0(S
1), respectively H1(S
1). Then
δ¯1 = Θ−1 ◦ ∂ ◦Θ.
In particular, Θ induces an isomorphism
(50) Θ¯ : E2δ
∼
−→ HC
i−1(a),≤α
∗ (λ, J)⊗H∗(S
1).
Theorem 1 follows from the previous considerations and the commutative dia-
gram below, with vertical arrows being isomorphisms (see Section 7.1 for the full
details).
E2δ;∗,0
δ¯2 //
Φ

E2δ;∗−2,1
Φ

. . . // SHa∗ (H, J) // E
2
d;∗,0
d¯2 // E2d;∗−2,1 // SH
a
∗−1(H, J) // . . .
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5. Floer- and holomorphic cylinders
The goal of this section is to prove Proposition 3 and to prepare the proof of
Proposition 4. For Proposition 3 we modify the Hamiltonian to another one with the
same asymptotic slope but which varies very slowly inM×R, and analyze the limit
of Floer trajectories as the rate of variation goes to zero. For Proposition 4 we must,
loosely speaking, confine Floer trajectories in Ŵ near the boundary, so that we can
view them in the symplectizationM×R. In Section 5.2 we stretch the neck nearM
and show, by a compactness argument, that the rigid Floer trajectories connecting
nonconstant orbits of XH are in bijective correspondence with punctured solutions
of Floer’s equation in the symplectization M × R, capped at the punctures with
rigid holomorphic planes in Ŵ .
We recall that we work under the standing assumptions (A) and (Ba) in Sec-
tion 3.1, Remark 9.
5.1. Slowing down the Hamiltonian. We start with the following two pertur-
bative lemmas.
Lemma 1. Let c : R→ R+ be a smooth increasing function with the property that
c′(s) 6= 0 if c(s) ∈ Spec(M,λ). Let u = (f, a) : R× S1 \ {z1, . . . , zk} →M ×R be a
solution of the equation
(51) ∂su+ Ĵ∞∂θu− c(a(s, θ))
∂
∂t
= 0
which, in polar coordinates (ρi, θi) around zi, satisfies
(52) lim
z→zi
a(z) = −∞, lim
ρi→0
f(ρi, θi) = γ
′
i(Tiθi),
for some γ′1, . . . , γ
′
k ∈ Pλ, as well as one of the following asymptotic conditions at
±∞.
(1)
(53) lim
s→±∞
a(s, ·) = ∓∞, lim
s→±∞
f(s, θ) = γ′±(T±θ),
(2)
(54) lim
s→−∞
a(s, ·) = +∞, lim
s→+∞
a(s, ·) = a0, lim
s→±∞
f(s, θ) = γ′±(T±θ),
(3)
(55) lim
s→−∞
a(s, ·) = a0, lim
s→+∞
a(s, ·) = −∞, lim
s→±∞
f(s, θ) = γ′±(T±θ),
for γ′± ∈ P
≤α
λ . Given c0 > 0 we denote uc0 := (f, a− c0s), so that uc0 satisfies the
equation
(56) ∂su+ Ĵ∞∂θu− (c(a(s, θ))− c0)
∂
∂t
= 0.
Assume c0 is such that c
′(s) 6= 0 if c(s)− c0 ∈ Spec(M,λ). Then the linearized
operator Du,c corresponding to (51) is surjective if and only if the linearized operator
Duc0 ,c−c0 corresponding to (56) is surjective.
Proof. We first treat case 1. The asymptotic conditions at z1, . . . , zk are obviously
preserved, whereas the asymptotic conditions at ±∞ are still satisfied because
c0 > 0. The two linearized operators have the same expressions, and their domain
and target are canonically identified since the components of u and uc0 along M
are the same. The conclusion follows.
Cases 2. and 3. are similar so we treat only Case 2. There is one asymptotic
condition which changes, namely lims→∞ a(s, ·) = −∞, and this causes a change in
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the domain of the linearized operators. The domain of Duc0 ,c−c0 contains an addi-
tional 1-dimensional summand V corresponding to a degeneracy of the asymptote
γ′+ in the direction
∂
∂t . However, since (56) is invariant under translation in the s-
variable, we have ∂suc0 ∈ ker Duc0 ,c−c0 and ∂suc0 has a nontrivial component along
this additional 1-dimensional summand V . Since the quotient dom(Duc0 ,c−c0)/V
is canonically identified with dom(Du,c), the conclusion follows. 
Lemma 2. For any C > 0 there exists ǫ = ǫ(C) > 0 such that, for any function
c : R→ [0, C] with Supp(c′) ⊂ [−1, 1], such that c′(s) 6= 0 if c(s) ∈ Spec(M,λ), and
such that
0 ≤ c′ < ǫ,
the almost complex structure Ĵ∞ is regular for all solutions u = (f, a) : R × S
1 \
{z1, . . . , zk} → M × R of equation (51) satisfying (52) and one of the additional
asymptotic conditions (53), (54) or (55).
Proof. We prove the Lemma by contradiction. Without loss of generality we can
assume that there exist sequences ǫn → 0, cn and un as in the statement of the
Lemma, where all the un’s have the same asymptotes, such that the linearized
operators Dun,cn are not surjective. The sequence cn converges to some constant
c ∈ [0, C] and we choose c0 > 0 such that c − c0 /∈ Spec(M,λ). In particular, the
constant c0 satisfies the conditions of Lemma 1 for each cn if n is large enough.
Renaming the sequences un,c0 and cn − c0 as un, cn, the operators Dun,cn are not
surjective by Lemma 1 and the maps un satisfy the asymptotic conditions (52)
and (53). We also rename c− c0 as c.
After passing to a subsequence [5, Section 10.2] (see also the proof of Step 1 in
Proposition 5), un converges to a broken curve u whose components either solve
∂sw+Ĵ∞∂θw−c
∂
∂t = 0 or are Ĵ∞-holomorphic. The linearized operator at each such
component is surjective by Lemma 1 and the regularity assumption (Ba) for Ĵ∞.
For n large enough, un is approximated by a gluing construction as follows. Let us
denote ∂¯cn := ∂s+Ĵ∞∂θ−cn
∂
∂t . We replace each holomorphic component v = (f, a)
by vcn := (f, a + cn(−∞)s) and each component w = (f, a) solving ∂¯cw = 0 by
wcn := (f, a+(cn(a)− c)s). The first remark is that ‖∂¯cn(wcn)‖ is arbitrarily small
for n large enough. Here we use an Lp-norm with exponential weights for a metric
which has cylindrical ends near the punctures zi. These weights do not play any
role in estimating ‖∂¯cn(wcn)‖ because supp(c
′
n) ⊂ [−1, 1] and ∂¯cn(wcn) vanishes
in a fixed neighborhood of the punctures zi in view of the asymptotic condition
(52). In fact, the function ∂¯cn(wcn) has compact support because it satisfies (53).
Decomposing T (M × R) = 〈 ∂∂t 〉 ⊕ 〈Rλ〉 ⊕ ξ we obtain
∂¯cnwcn=
 ∂s(a+ (cn(a)− c)s)− λ(∂θ)f − cn(a)λ(∂sf) + ∂θ(a+ (cn(a)− c)s)
0
=
 c′n(a)s∂sac′n(a)s∂θa
0
 ,
and this quantity goes to zero when n → ∞ since it is bounded by a constant
multiple of ǫn. The second remark is that each linearized operator Dwcn ,cn is close
to the linearized operator Dw,c because they again differ by a term involving c
′
n(a).
Hence each Dwcn ,cn is surjective, whereas each linearized operator Dvcn ,cn(−∞)
is surjective by the argument in Lemma 1. We now apply the standard gluing
construction to the broken curve with components vcn , wcn and get a solution
u˜n solving ∂¯cn(u˜n) = 0 and having a surjective linearized operator Deun,cn with
uniformly bounded right inverse with respect to n. Moreover, u˜n is arbitrarily
close to un as n→∞. As a conclusion, the linearized operator Dun,cn is surjective
for n large enough, a contradiction. 
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We now describe a family of admissible Hamiltonians HR : Ŵ → R such that, on
M × [0,∞[, we have HR(p, t) = hR(t) = ρ(t)et+ C˜ for some C˜ ∈ R, with ρ(t) = α0,
α0 < min Spec(M,λ) if t is close to 0 and ρ(t) = α for t ≥ tR large enough.
Let ǫ = ǫ(α) be such that Lemma 2 holds for C = α. After possibly choosing a
smaller value for ǫ, we can assume without loss of generality that, for all T1 6= T2 ∈
Spec(M,λ) such that T1, T2 ≤ α we have |T1 − T2| ≥ 2ǫ. We require the function
hR to have the following property:
The interval [0, tR] is the concatenation of N =
[
2α
ǫ
]
intervals [−R2 ,
R
2 ] on
which the function c = ρ+ ρ′ satisfies the hypotheses of Lemma 2.
Proof of Proposition 3. We proceed by contradiction and we assume there exist
sequences Rn → ∞ and un ∈ MA(Sγ , Sγ ;H
Rn , Ĵ), γ, γ ∈ P(H) with γ 6= γ and
µ(γ)− µ(γ) + 2〈c1(TW ), A〉 = 0. Note that the index of each of the operators Dun
is equal to 1. After passing to a subsequence [5, Section 10.2] (see also the proof
of Step 1 in Proposition 5), un converges to a broken curve whose components in
M ×R are either Ĵ∞ holomorphic curves, or satisfy (51) and condition (52), as well
as one of the asymptotic conditions (53), (54) or (55). Moreover, the components
in Ŵ are Ĵ-holomorphic planes. By the regularity assumptions (A) and (Ba) on Ĵ
and Lemma 2 we know that the almost complex structures Ĵ∞ and Ĵ are regular
for all these components. As a consequence, the Fredholm index of the linearized
operators at the components satisfying (51) is at most 1, and the same holds for the
dimension of their kernel. On the other hand, since γ 6= γ there is at least one such
component which is not a (reparametrized) vertical cylinder. Since equation (51)
is invariant under reparametrizations in both variables s and θ, we deduce that
the kernel of the corresponding linearized operator is at least 2-dimensional, a
contradiction. 
5.2. Stretching the neck near the boundary. In this section we assume with-
out loss of generality that H ∈ H′ is of the form H = α0et+β0 on a neighbourhood
∂W × [−ǫ, ǫ] of ∂W in Ŵ , where 0 < α0 < min Spec(M,λ). Moreover, we assume
that
(57) |
d
dt
(e−th′(t))| < 1.
We define a deformation (Ŵ τ , ω̂τ ), τ ≥ 0 by
Ŵ τ :=W
⋃
(M × [−τ, 0])
⋃
(M × R+)
and
ω̂τ :=
{
e−τω, on W,
d(etλ), on M × [−τ,∞[.
Let β : R→ [0, 1] be a smooth function such that β(t) = 1 for t ≤ −C, β(t) = 0
for t ≥ 0, where C > 0 is some large constant. We define a family of Hamiltonians
{Hτ}, Hτ : Ŵ τ → R by
(58) Hτ :=

e−τH, on W,
(e−τβ(t) + 1− β(t))(α0et + β0), on M × [−τ, 0],
h(t), on M × R+.
We define H∞ : M × R → R by H∞ := limτ→∞Hτ |M×[−τ,∞[. We then have
H∞(t) = 0 for t ≤ −C and, if C is large enough, we can choose β so that the
functions e−t ddtH
τ (t), τ ≥ 0 are increasing on [−τ,∞[.
Let Ĵ be an almost complex structure satisfying the regularity assumptions (A)
and (Ba). Similarly to Proposition 3.5 in [7], we can choose a small time-dependent
perturbation J∞ of Ĵ∞ which is localized in an arbitrarily small neighbourhood of
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Figure 2. The modified Hamiltonian Hτ
the 1-periodic orbits of XH and away from the orbits themselves, and which is
regular for punctured Floer trajectories
u = (f, a) : R× S1 \ {z1, . . . , zk} →M × R
satisfying
(59) ∂su+ J∞(∂θu−XH(u)) = 0,
(60) lim
s→±∞
u(s, ·) = γ±(·), γ± ∈ P(H),
as well as (31) for some γ′i ∈ P
≤α
λ , i = 1, . . . , k. We denote by J the resulting
almost complex structure on Ŵ , which coincides with Ĵ on W and with J∞ on
M × R+.
We define a family {Ĵτ}, τ ≥ 0 of ω̂τ -compatible almost complex structures on
Ŵ τ by
Ĵτ :=
{
Ĵ , on W,
Ĵ∞, on M × [−τ,∞[.
As above, we can choose a small time-dependent perturbation {Jτ} of the family
{Ĵτ} which is supported in an arbitrarily small neighbourhood of the 1-periodic
orbits of XH , which satisfies
Jτ |M×R+ → J∞, τ →∞,
and such that each Jτ is regular for Hτ .
The sets P(H) and P(Hτ ), τ ≥ 0 are naturally identified. These sets also contain
constant elements (critical points of H and Hτ ), but we shall tacitly consider in
the rest of this section only nonconstant elements. The same convention applies to
P(H∞).
For any τ ≥ 0, the set Freg(Hτ , Jτ ) of regular collections of perfect Morse
functions {f τγ : Sγ → R, γ ∈ P(H)} defined in Section 2.2 is of the second Baire
category in the space of collections of perfect Morse functions [7, Lemma 3.6].
Hence, given a sequence τν → ∞, ν → ∞, there exists a collection {fγ} which
belongs to Freg(Hτν , Jτν ) for any ν. The moduli spaces of Morse-Bott broken
trajectories
MA(p, q;Hτν , {fγ}, J
τν)
are then well-defined, for any γ, γ ∈ P(H), p ∈ Crit(fγ), q ∈ Crit(fγ), and A ∈
H2(W ;Z).
Our goal in this section is to establish a bijective correspondence with the moduli
spacesMAc (p, q;H∞, {fγ}, J∞) of capped punctured Morse-Bott broken trajectories
which we now define.
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Given elements γ, γ ∈ P(H), γ′1, . . . , γ
′
k ∈ P
≤α
λ and B ∈ H2(M ;Z), we denote
by
M̂B(Sγ , Sγ , γ
′
1, . . . , γ
′
k;H∞, J∞)
the space of punctured Floer trajectories, consisting of tuples (u, L1, . . . , Lk)
such that
u = (f, a) : R× S1 \ {z1, . . . , zk} →M × R
satisfies (59–60) for some γ− ∈ Sγ , γ+ ∈ Sγ , as well as (31–32) and the relation
(61) [(σγ ∪ σγ1 ∪ . . . ∪ σγk)#f ] = [σγ#B].
The additive group R acts freely by shifts on the domain and we define the moduli
space of punctured Floer trajectories by
MB(Sγ , Sγ , γ
′
1, . . . , γ
′
k;H∞, J∞)
:= M̂B(Sγ , Sγ , γ
′
1, . . . , γ
′
k;H∞, J∞)/R.
For a choice of regular J∞ as above, this is a smooth manifold of dimension (see
also [30, §3.3])
µ(γ)− µ(γ) + 2〈c1(ξ), B〉 −
k∑
i=1
µ¯(γ′i).
Moreover, there are smooth evaluation maps
(62) ev, ev :MB(Sγ , Sγ , γ
′
1, . . . , γ
′
k;H∞, J∞)→ Sγ , Sγ .
Given A ∈ H2(W ;Z) we define the moduli space of capped punctured
Floer trajectories
MAc (Sγ , Sγ ;H∞, J)
as the set of equivalence classes of pairs (u, F ), where u is an element of the mod-
uli spaceMB(Sγ , Sγ , γ′1, . . . , γ
′
k;H∞, J∞), γ
′
1, . . . , γ
′
k ∈ P
≤α
λ , B ∈ H2(M ;Z), F is a
collection of J-holomorphic planes in Ŵ of total homology class A−B ∈ H2(W ;Z),
and with top asymptotes γ′1, . . . , γ
′
k. Two sets of asymptotic markers at the punc-
tures asymptotic to γ′1, . . . , γ
′
k are equivalent if they satisfy (38). This moduli space
is a smooth manifold of dimension
µ(γ)− µ(γ) + 2〈c1(TW ), A〉.
Again, there are smooth evaluation maps
(63) ev, ev :MAc (Sγ , Sγ ;H∞, J)→ Sγ , Sγ .
The nonconstant elements of P(H∞) and P(H) are the same. We denote by
Freg(H∞, J∞) the set whose elements are collections of perfect Morse functions
{fγ : Sγ → R, γ ∈ P(H)} which satisfy the transversality properties in (11) with
respect to the evaluation maps in (62) (or, equivalently, in (63)). The proof of
Lemma 3.6 in [7] carries over verbatim and shows that Freg(H∞, J∞) is of the
second Baire category in the space of collections of perfect Morse functions.
Given {fγ} ∈ Freg(H∞, J∞), γ, γ ∈ P(H), p ∈ Crit(fγ), q ∈ Crit(fγ), A ∈
H2(W ;Z), and m ≥ 0, we define the moduli space MAc;m(p, q;H∞, {fγ}, J) of
capped punctured Morse-Bott broken trajectories with m sublevels as
the union for γ˜1, . . . , γ˜m−1 ∈ P(H) and A1 + · · ·+Am = A of the fibered products
Wu(p)×ev (M
A1
c (Sγ , Seγ1)×R
+)ϕfeγ1◦ev
×ev (M
A2
c (Seγ1 , Seγ2)×R
+)
ϕfeγ2
◦ev×ev . . . ϕfeγm−1◦ev
×evM
Am
c (Seγm−1 ,Sγ)ev×W
s(q).
In the above formula one has to read
MA1c (Sγ , Seγ1) =M
A1
c (Sγ , Seγ1 ;H∞, J) etc.
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The moduli space of capped punctured Morse-Bott broken trajectories
is
MAc (p, q;H∞, {fγ}, J) :=
⋃
m≥0
MAm(p, q;H∞, {fγ}, J).
This is a smooth manifold of dimension
dim MAc (p, q;H∞, {fγ}, J)
= µ(γ) + ind(p)− µ(γ)− ind(q) + 2〈c1(TW ), A〉 − 1.
In the statement of the next result we fix a sequence τν → ∞, ν → ∞, and
assume that
(64) {fγ} ∈
⋂
ν
Freg(H
τν , Jτν ) ∩ Freg(H∞, J∞).
Proposition 5. There exists ν0 such that the following holds for any ν ≥ ν0. For
any γ, γ ∈ P(H), p ∈ Crit(fγ), q ∈ Crit(fγ), and A ∈ H2(W ;Z) such that
(65) µ(γ) + ind(p)− µ(γ)− ind(q) + 2〈c1(TW ), A〉 − 1 = 0,
the (discrete and finite) moduli spaces
MA(p, q;Hτν , {fγ}, J
τν ) and MAc (p, q;H∞, {fγ}, J)
are in natural bijective correspondence which preserves the signs of their elements.
Our proof of Proposition 5 involves an extension of the Correspondence The-
orem 3.7 in [7] which states that, in dimension 0, the moduli spaces of Morse-
Bott broken trajectories are in sign-preserving bijective correspondence with the
moduli spaces of Floer trajectories for a suitable time-dependent perturbation of
the Hamiltonian. This time-dependent perturbation is constructed as follows [11,
Proposition 2.2]. For each γ ∈ P(H) we denote by ℓγ ∈ Z
+ the maximal posi-
tive integer such that γ(θ + 1/ℓγ) = γ(θ), θ ∈ S1. For each Sγ , γ ∈ P(H) we
choose a chart S1 × R2n−1 ∋ (θ˜, p) in a neighbourhood of the geometric image of
γ such that θ˜ ◦ γ(θ) = ℓγθ and p ◦ γ(θ) = 0. We also choose a smooth cut-off
function ργ = ρSγ : S
1 × R2n−1 → R. For δ > 0 small enough the time-dependent
Hamiltonian
(66) Hδ(θ, θ˜, p) := H + δ
∑
Sγ
ργ(θ˜, p)fγ(θ˜ − ℓγθ)
has only nondegenerate orbits. More precisely, out of each circle Sγ of elements of
P(H) survive precisely the orbits γm and γM starting at the minimum, respectively
maximum of fγ , with Conley-Zehnder index µ(γp) = µ(γ) + ind(p).
Proof of Proposition 5. The Correspondence Theorem 3.7 in [7] implies the follow-
ing. For each ν, there exists δν > 0 such that, for any δ ∈]0, δν ], the moduli
space MA(p, q;Hτν , {fγ}, Jτν) is in sign-preserving bijective correspondence with
the moduli space of Floer trajectoriesMA(γp, γq;H
τν
δ , J
τν ) for the time-dependent
perturbation described by (66). Here the standing assumptions are (64) and (65),
and we can assume without loss of generality that δν → 0, ν →∞.
Let Hν := Hτνδν , J
ν := Jτν . We prove Proposition 5 in three steps.
Step 1. After passing to a subsequence, any sequence vν ∈ MA(γp, γq;H
ν , Jν)
converges to an element of the moduli space MAc (p, q;H∞, {fγ}, J).
There are two types of degenerations for the Floer trajectories vν as ν → ∞.
The first type, due to the fact that the perturbation δν → 0, is that vν can spend
an amount of time Tν ≃ T/δν → ∞ in the neighbourhood of a nontrivial periodic
orbit of H∞. The second type, due to the fact that we stretch the neck, is that
‖dvν‖L∞ can become unbounded on suitable sequences (sν , θν) ∈ R× S1.
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The first type of degeneration is dealt with in [7, Proposition 4.7]. The second
type of degeneration is the object of the compactness theorems for SFT [5, Sec-
tion 10.2], applied in the following setting. By the mapping cylinder construction,
the elements of the moduli space MA(γp, γq;H
ν , Jν) can be interpreted as holo-
morphic sections of a symplectic fibration over R × S1 with fiber Ŵ τν for some
almost complex structure J˜ν . This is an almost complex manifold with symmetric
cylindrical ends in the sense of [5, Sections 2.2 and 3.2]. Although the case of a
non-compact fiber is not explicitly considered in [5], this causes no problem here
because Ŵ τν is convex at infinity.
The important observation now is that these two types of degenerations happen
for regions of R × S1 which have disjoint images via vν . More precisely, for the
second type of degeneration, the image of a neighbourhood of (sν , θν) is necessarily
contained in the region W ∪ (M × [−τν ,−C]) ⊂ Ŵ
τν for ν large enough (otherwise
it would give rise to a nonconstant J∞-holomorphic sphere in M × R). On the
other hand, for the first type of degeneration, the image of a cylinder of size Tν
staying close to a nonconstant periodic orbit of H∞ is contained in M ×R+. As a
consequence, the arguments used to deal with the first type of degeneration do not
interfere with those used to deal with the second type of degeneration. We obtain,
after passing to a subsequence, that vν converges to a tuple(
cm, [u˜m, Fm], cm−1, [u˜m−1, Fm−1], . . . , [u˜1, F1], c0
)
, m ≥ 0
with the following properties (see also [7, Definition 4.1]):
• u˜i = (f˜i, a˜i) : Σi \ {zi1, . . . , z
i
ki
} →M × R, i = 1, . . . ,m, ki ≥ 0 with
Σi = R× S
1 or Σi = R× S
1 ∐ R× S1 =: Σi ∐ Σi,
satisfying ∂su˜i + J∞(∂θu˜i −XH∞(u˜i)) = 0 and the asymptotic conditions
– if Σi = R× S1, then lims→−∞ u˜i(s, ·) ∈ Sγi , lims→∞ u˜i(s, ·) ∈ Sγi−1 ,
– if Σi = Σi ∐ Σi, then
lims→−∞ u˜i|Σi(s, ·) ∈ Sγi , lims→∞ u˜i|Σi(s, ·) ∈ Sγi−1 ,
lims→∞ f˜i|Σi(s, θ) = γ
′
i(−T iθ), lims→−∞ f˜i|Σi(s, θ) = γ
′
i
(T iθ),
lims→∞ a˜i|Σi(s, ·) = −∞, lims→−∞ a˜i|Σi(s, ·) = −∞,
as well as (31) at zi1, . . . , z
i
ki
with asymptotes γ˜′i1, . . . , γ˜
′i
ki .
Here γi ∈ P(H∞), i = 0, . . . ,m with γm = γ, γ0 = γ, the orbits γ
′
i, γ
′
i
∈
P≤αλ , i = 1, . . . ,m have periods T i, T i, and we have γ˜
′i
1, . . . , γ˜
′i
ki ∈ P
≤α
λ .
• c0 : [−1,+∞[→ Sγ0 , ci : [−Ti/2, Ti/2] → Sγi , i = 1, . . . ,m − 1 for some
Ti > 0, and cm :]−∞, 1]→ Sγm , satisfy c˙i = ∇fγi ◦ ci, i = 0, . . . ,m.
• ev(u˜i) = ev(ci), ev(u˜i) = ev(ci−1), i = 1, . . . ,m, and moreover we have
c0(+∞) = q, cm(−∞) = p.
• Fi, i = 1, . . . ,m is a genus zero J-holomorphic building in Ŵ of height
0|1|k+, k+ ≥ 0 , whose top asymptotes are γ˜′
i
1, . . . , γ˜
′i
ki and, possibly, γ
′
i, γ
′
i
if Σi = Σi ∐ Σi, and whose underlying nodal Riemann surface has exactly
ki, respectively ki + 1 connected components.
• if Σi = Σi ∐ Σi the following additional matching condition has to be
satisfied. There exists a finite sequence (F i1, . . . , F
i
ni), ni ≥ 1 of connected
components of the building Fi, on which we have marked punctures z
i
j , z
i
j ,
j = 1, . . . , ni such that
– F i1 is asymptotic to γ
′
i at z
i
1, F
i
ni is asymptotic to γ
′
i
at zini ,
– the component F ij , j = 1, . . . , ni − 1 can be glued to F
i
j+1 at z
i
j , z
i
j+1,
– upon gluing in this way all the F ij , j = 1, . . . , ni and capping all the
remaining punctures except zi1, z
i
ni , the asymptotic markers at z
i
1, z
i
ni
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are opposite to each other with respect to the conformal structure on
the cylinder.
Note that this last condition is present because the almost complex struc-
ture in Floer’s equation (59) depends on θ (also, it ensures that pregluing
produces an approximate solution).
We must show that any such tuple belongs to MAc (p, q;H∞, {fγ}, J). For that
purpose we notice that it is enough to show that the domain of each u˜i is connected.
If this is the case, the dimension condition (65) implies that all the holomorphic
buildings Fi have height k+ = 0, and we recover the definition of an element of
MAc (p, q;H∞, {fγ}, J).
Let us assume by contradiction that the domain of some u˜i has two components.
Let u˜i = (fi, ai) and let ti−1 be the level on which the asymptote γi−1 is located.
Then the period Ti−1 of γi−1 is given by Ti−1 = e
−ti−1h′(ti−1). Let s0 ∈ R be such
that u˜i|Σi([s0,∞[×S
1) is contained in a neighbourhood of γi−1 where J∞ = Ĵ∞ and
therefore preserves ξ. We claim that there exists a point (s, θ) ∈ [s0,∞[×S1 ⊂ Σi
such that ai(s, θ) > ti−1. Let a¯i(s) :=
∫
S1 ai(s, θ)dθ. For s ≥ s0, Floer’s equation
∂su˜i + J∞∂θu˜i − e−aih′(ai)
∂
∂t = 0 can be rewritten as
∂sai − λ(∂θfi)− e
−aih′(ai) = 0,(67)
λ(∂sfi) + ∂θai = 0,
πξ ◦ dfi ◦ j − J∞πξ ◦ dfi = 0,(68)
where πξ : TM → ξ is the projection along Rλ. By (67) and using the fact that
the function t 7→ e−th′(t) is increasing we get that
∂sa¯i(s) =
∫
S1
λ(∂θfi(s, θ))dθ +
∫
S1
e−ai(s,θ)h′(ai(s, θ))dθ
≤
∫
S1
λ(∂θfi(s, θ))dθ + Ti−1.
On the other hand, for each s0 ≤ s ≤ s′ we have by Stokes’ theorem
(69)
∫
S1
λ(∂θfi(s
′, θ))dθ −
∫
S1
λ(∂θfi(s, θ))dθ =
∫
[s,s′]×S1
f∗dλ ≥ 0,
where the last inequality follows from (68) and from the compatibility of J∞ with
dλ. Because lims→∞ fi(s, ·) = γi−1, it follows that lims→∞
∫
S1
λ(∂θfi(s, θ))dθ =
−Ti−1 and, by the monotonicity relation (69), we get
∂sa¯i(s) ≤ 0, s ≥ s0.
Since lims→∞ ai(s, θ) = ti−1, we have a¯i(s) ≥ ti−1 for s ≥ s0. But if ai(s, θ)
is constant equal to ti−1, then
∫
f∗dλ = 0, which means that u˜i is constant, a
contradiction. Hence we must have ai(s, θ) > ti−1 for some (s, θ) ∈ [s0,∞)× S1 as
claimed.
On the other hand, lims→−∞ ai(s, θ) = −∞, so that ai has a local maximum on
R × S1, which is impossible by the maximum principle. This final contradiction
shows that each u˜i has a domain which is connected.
Step 2. We show that, for ν > 0 large enough, the elements of MA(γp, γq;H
ν , Jν)
can be obtained by a gluing construction from the elements ofMAc (p, q;H∞, {fγ}, J).
For τ > 0 large enough let Hτ∞ be the trivial extension to Ŵ
τ of the Hamiltonian
H∞|M×[−τ,∞[. For δ > 0 small enough, let H
τ
∞,δ be the perturbation of H
τ
∞
described by (66).
Combining the gluing arguments from Proposition 4.22 in [7] with aguments for
gluing holomorphic curves along nondegenerate Reeb orbits in SFT ([3] and [6,
AN EXACT SEQUENCE FOR CONTACT- AND SYMPLECTIC HOMOLOGY 35
Proposition 5]), we produce a Floer trajectory in Ŵ τ for Hτ∞,δ, for τ > 0 large
enough and δ > 0 small enough. As in Step 1, the important observation is that
the gluing constructions take place in disjoint regions of Ŵ τ . More precisely, the
gluing construction of punctured Floer trajectories with gradient trajectories along
nonconstant periodic orbits ofH∞ takes place inM×R+, while the gluing construc-
tion of punctured Floer trajectories which are holomorphic near the punctures with
holomorphic planes takes place in M × [−τ,−C]. Therefore, the gluing estimates
do not interfere and we obtain the desired Floer trajectory for Hτ∞,δ. Since the
elements of MAc (p, q;H∞, {fγ}, J) are rigid, the same arguments as in the unique-
ness part of [7, Proposition 4.22] show that we obtain in this way all elements in
MA(γp, γq;H
τ
∞,δ, J
τ ).
On the other hand, for τ > 0 large enough the Floer trajectories for Hτ∞,δ and
for Hτδ are in bijective correspondence. The claim in Step 2 follows.
Step 3. Combining Step 1 and Step 2, we obtain a sign-preserving bijective
correspondence between the 0-dimensional moduli spaces MA(γp, γq;H
ν , Jν) and
MAc (p, q;H∞, {fγ}, J), when ν > 0 is large enough. As explained in the beginning
of the proof, the former moduli space is in sign-preserving bijective correspondence
with the moduli space MA(p, q;Hτν , {fγ}, Jτν ), and the conclusion follows. 
Remark 16. Given an increasing homotopy Hs between admissible Hamiltonians
H− ≤ H+, the continuation morphism
σH+,H− : BC
a
∗ (H−)→ BC
a
∗ (H+)
can also be described in terms of capped punctured Floer trajectories. More pre-
cisely, equation (58) applied to the homotopyHs gives rise to increasing homotopies
Hτs from H
τ
− to H
τ
+ and, in the limit τ →∞, to an increasing homotopy Hs,∞ from
H−,∞ to H+,∞ on M ×R. The latter homotopy is supported in the region t > −C
for some large enough constant C > 0. Given a generic homotopy Js of almost
complex structures on Ŵ , we denote by Jτs , respectively Js,∞ the corresponding
homotopies of almost complex structures on Ŵ τ , respectively M ×R. The moduli
space
MAc (p, q;Hs,∞, {f
±
γ }, Js,∞)
of capped punctured s-dependent Morse-Bott broken trajectories is de-
fined similarly to the moduli space MA(p, q;Hτs ,{f
±
γ },J
τ
s ) of s-dependent Morse-
Bott broken trajectories introduced in Section 2.2. The modification of the defini-
tion is straightforward, with Floer trajectories for Hτ−, H
τ
+, H
τ
s being replaced by
capped punctured Floer trajectories for H−,∞, H+,∞, and respectively Hs,∞. The
obvious s-dependent version of Proposition 5 still holds true with the same proof,
so that the moduli spaces MAc (p, q;Hs,∞, {f
±
γ }, Js,∞) and M
A(p, q;Hτs , {f
±
γ }, J
τ
s )
of dimension 0 are in sign-preserving bijective correspondence.
6. A filtered isomorphism
In this section we construct the chain complex isomorphism in Proposition 4 by
counting “mixed moduli spaces” consisting of rigid punctured cylinders which are
asymptotic to a Reeb orbit at one end and to a Hamiltonian orbit at the other
end. We prove in Proposition 7 that this isomorphism is compatible with the
continuation maps in Floer homology.
For this construction, we omit the free homotopy classes of loops from the no-
tation. Let ρ : R → [0, 1] be a smooth increasing function such that ρ(s) = 0 if
s << 0 and ρ(s) = 1 if s >> 0. We define
Hρ∞ : R× (M × R)→ R, (s, p, t) 7→ ρ(s)H∞(t).
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Given γ′, γ′1, . . . , γ
′
k ∈ P
≤α
λ , γ ∈ P(H), B ∈ H2(M ;Z) we define the space of
punctured interpolating trajectories
MB(S′γ , Sγ , γ
′
1, . . . , γ
′
k;H
ρ
∞, J∞)
to consist of tuples (u, L1, . . . , Lk) such that u = (f, a) : R × S
1 \ {z1, . . . , zk} →
M × R satisfies
(70) ∂su+ J∞(∂θu−XHρ∞(u)) = 0,
(71) lim
s→−∞
a(s, θ) = +∞, lim
s→−∞
f(s, ·) ∈ S′γ ,
(72) lim
s→∞
u(s, ·) = γ(·+ θ), for some θ ∈ S1,
and equations (31–32), (61). Note that we have natural evaluation maps
ev :MB(S′γ , Sγ , γ
′
1, . . . , γ
′
k;H
ρ
∞, J∞)→ S
′
γ
and
ev :MB(S′γ , Sγ , γ
′
1, . . . , γ
′
k;H
ρ
∞, J∞)→ Sγ .
As in Proposition 3.5 in [7] we can choose J∞ regular for all the elements of
MB(S′γ , Sγ , γ
′
1, . . . , γ
′
k;H
ρ
∞, J∞) and so that it still satisfies all the previous reg-
ularity assumptions. Note that, due to the last term in the left hand side of (70),
the additive group R does not act on the space MB, and therefore we call it from
now on the moduli space of punctured interpolating trajectories. This is a
smooth manifold of dimension [30, §3.3]
dimMB(S′γ , Sγ , γ
′
1, . . . , γ
′
k;H
ρ
∞, J∞)
= µ(γ′)− µ(γ) + 2〈c1(ξ), B〉 −
k∑
i=1
µ¯(γ′i) + 1.
Givenm, ℓ ≥ 0, let γ′, γ′11, . . . , γ
′1
k1 , . . . , γ
′m+ℓ+1
1 , . . . , γ
′m+ℓ+1
km+ℓ+1
∈ P≤αλ , γ ∈ P(H),
p′ ∈ Crit(f ′γ), q ∈ Crit(fγ) and B ∈ H2(M ;Z). We denote by
MBm,ℓ(p
′, q, γ′
1
1, . . . , γ
′1
k1 , . . . , γ
′m+ℓ+1
1 , . . . , γ
′m+ℓ+1
km+ℓ+1
;Hρ∞, {fγ , f
′
γ}, J∞)
the union over γ˜′1, . . . , γ˜
′
m ∈ Pλ, γ˜m+1, . . . , γ˜m+ℓ ∈ P(H) and B1+. . .+Bm+ℓ+1 = B
of the fibered products
Wu(p′)×ev ((M
B1(S′γ , S
′
eγ1 , γ
′1
1, . . . , γ
′1
k1 ; J∞)/R)× R
+)ϕf′eγ1
◦ev ×ev
. . . ((MBm(S′eγm−1 , S
′
eγm , γ
′m
1 , . . . , γ
′m
km ; J∞)/R)× R
+)ϕf′eγm
◦ev ×ev
(MBm+1(S′eγm , Seγm+1 , γ
′m+1
1 , . . . , γ
′m+1
km+1 ;H
ρ
∞, J∞)× R
+)ϕfeγm+1 ◦ev
×ev
(MBm+2(Seγm+1 , Seγm+2 , γ
′m+2
1 , . . . , γ
′m+2
km+2 ;H∞, J∞)×R
+)ϕfeγm+2 ◦ev
×ev
. . .MBm+ℓ+1(Seγm+ℓ , Sγ , γ
′m+ℓ+1
1 , . . . , γ
′m+ℓ+1
km+ℓ+1
;H∞, J∞)ev ×W
s(q).
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By our transversality assumptions, this is a smooth manifold of dimension
dim MBm,ℓ(p
′, q, γ′
1
1, ..., γ
′1
k1 , ..., γ
′m+ℓ+1
1 , ..., γ
′m+ℓ+1
km+ℓ+1
;Hρ∞, {fγ , f
′
γ}, J∞)
= ind(p′)− 1 + (dim MB1(S′γ , S
′
eγ1)/R+ 1)− 1
+ ...+ (dim MBm(S′eγm−1 , S
′
eγm)/R+ 1)− 1
+ (dim MBm+1(S′eγm , Seγm+1) + 1)− 1
+ (dim MBm+2(Seγm+1 , Seγm+2) + 1)− 1
+ . . .+ dim MBm+ℓ+1(Seγm+ℓ , Sγ)− 1 + (1− ind(q))
= µ(γ′)− µ(γ) + ind(p′)− ind(q)
+ 2〈c1(ξ), B1 + ...+Bm+ℓ+1〉 −
m+ℓ+1∑
i=1
ki∑
j=1
µ¯(γ′
i
j)
= µ(γ′p)− µ(γq)−
m+ℓ+1∑
i=1
ki∑
j=1
µ¯(γ′
i
j) + 2〈c1(ξ), B〉.
We denote
MB(p′, q, γ′1, . . . , γ
′
k;H
ρ
∞, {fγ, f
′
γ}, J∞) :=⋃
m,ℓ≥0
MBm,ℓ(p
′, q, γ′
1
1, ..., γ
′1
k1 , ..., γ
′m+ℓ+1
1 , ..., γ
′m+ℓ+1
km+ℓ+1 ;H
ρ
∞, {fγ , f
′
γ}, J∞)
with {γ′11, . . . , γ
′1
k1 , . . . , γ
′m+ℓ+1
1 , . . . , γ
′m+ℓ+1
km+ℓ+1
} = {γ′1, . . . , γ
′
k}, and we call this the
moduli space of punctured interpolating Morse-Bott broken trajectories,
whereas the spacesMBm,ℓ are called the moduli spaces of punctured interpo-
lating Morse-Bott broken trajectories with m holomorphic sublevels and
ℓ Floer sublevels. We refer to Figure 3 for a representation of the elements of
these moduli spaces (see also their capped version below). The description of the
topology of the compactified moduli spacesM
B
(p′, q, γ′1, . . . , γ
′
k;H
ρ
∞, {fγ, f
′
γ}, J∞)
is entirely similar to that of the compactified moduli spacesM
A
(p, q;H, {fγ}, J) in
Section 2.2 and M
B
(p′, q′, γ′1, . . . , γ
′
k; {f
′
γ}, J∞) in Section 3.2.
The system of coherent orientations in [7, Section 4.4] orients zero-dimensional
moduli spaces as above (even if the intermediate orbits γ˜′i are bad) and hence there
is a sign ǫ(u) associated to each element u in a zero-dimensional moduli space.
We define
Φ : BC≤α∗ (λ)→ BC∗(H)
by
(73) Φ(γ′p) :=
∑
u
1
Qk
i=1 κγ′
i
ǫ(u)e(γ′1) . . . e(γ
′
k)e
Bγ
q
,
where we sum over u ∈ MB(p′, q, γ′1, . . . , γ
′
k;H
ρ
∞, {fγ, f
′
γ}, J∞).
Let us derive now an alternative expression for the map Φ in terms of capped
moduli spaces. Given A ∈ H2(W ;Z), γ
′ ∈ P≤αλ , γ ∈ P(H), p
′ ∈ Crit(f ′γ),
q ∈ Crit(fγ) we define the moduli space of capped punctured interpolat-
ing Morse-Bott broken trajectories
(74) MAc (p
′, q;Hρ∞, {fγ , f
′
γ}, J)
as the set of equivalence classes of pairs F = (F ′, F ′′), where F ′ is an element
of the moduli space MB(p′, q, γ′1, . . . , γ
′
k;H
ρ
∞, {fγ, f
′
γ}, J∞), γ
′
1, . . . , γ
′
k ∈ Pλ, B ∈
H2(M ;Z) and F
′′ a collection of J-holomorphic planes in Ŵ , of total homology
class A − B ∈ H2(W ;Z), and whose top asymptotes are γ′1, . . . , γ
′
k. Two sets of
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asymptotic markers at the punctures asymptotic to γ′1, . . . , γ
′
k are equivalent if they
satisfy (38). The dimension of this moduli space is
(75) µ(γ′p)− µ(γq) + 2〈c1(TW ), A〉.
In the case of dimension zero one can associate a sign ǫ(F ) to each element F ∈
MAc (p
′, q;Hρ∞, {fγ , f
′
γ}, J). The map Φ can then be rewritten as
(76) Φ(γ′p) :=
∑
F∈MAc (p
′,q;Hρ∞,{fγ ,f ′γ},J)
ǫ(F )eAγ
q
.
We shall also need in the proof of Proposition 4 the following variant of the
moduli space of capped punctured interpolating Morse-Bott broken trajectories.
Given A ∈ H2(W ;Z), γ
′, γ′1 ∈ P
≤α
λ , γ ∈ P(H), p
′ ∈ Crit(f ′γ), q ∈ Crit(fγ) we
denote by
MAc,1(p
′, q, γ′1;H
ρ
∞, {fγ , f
′
γ}, J)
the set of equivalence classes of pairs (F ′, F ′′), where F ′ is an element of the
moduli space MB(p′, q, γ′1, γ
′
2, . . . , γ
′
k;H
ρ
∞, {fγ, f
′
γ}, J) with γ
′
2, . . . , γ
′
k ∈ P
≤α
λ , B ∈
H2(M ;Z), F
′′ is a collection of J-holomorphic planes in Ŵ of total homology
class A − B ∈ H2(W ;Z), and with top asymptotes γ′2, . . . , γ
′
k. Two sets of as-
ymptotic markers at the punctures asymptotic to γ′2, . . . , γ
′
k are equivalent if they
satisfy (38). One should think of this as being the moduli space of punctured in-
terpolating Morse-Bott broken trajectories which are capped at all but one of the
punctures.
Proof of Proposition 4. The map Φ preserves filtrations since all the moduli spaces
in the definition ofMAc (p
′, q;Hρ∞, {fγ , f
′
γ}, J) are regular and hence µ(γ)−µ(e
Aγ) ≥
0. As a matter of fact, since (76) involves only moduli spaces such that µ(γ′p) −
µ(γ
q
) + 2〈c1(TW ), A〉 = 0, and since ind(p) − ind(q) ∈ {1, 0,−1}, we have µ(γ) −
µ(eAγ) ∈ {0, 1}. Moreover, the relevant moduli spaces are empty if p′ is a minimum
and q is a maximum.
We now prove that Φ is a morphism of differential complexes, i.e. that it satisfies
the relation
(77) Φ ◦ δ = d ◦ Φ.
Let us consider the 1-dimensional components of the moduli space of capped punc-
tured interpolating Morse-Bott broken trajectories MAc (γ
′
p, γq;H
ρ
∞, {fγ , f
′
γ}, J).
We claim that its boundary has the form⋃
γ′∈P
≤α
λ
r′∈Crit(f ′γ)
MA1c (p
′, r′; {f ′γ}, J)×M
A−A1
c (r
′, q;Hρ∞, {fγ , f
′
γ}, J)(78)
∪
⋃
γ∈P(H)
r∈Crit(fγ)
MA1c (p
′, r;Hρ∞, {fγ, f
′
γ}, J)×M
A−A1
c (r, q;H∞, {fγ}, J)
∪
⋃
γ′1,γ
′
2∈P
≤α
λ
[
MA1c,1(p
′, q, γ′1;H
ρ
∞, {fγ , f
′
γ}, J)
× MA2c (γ
′
1, γ
′
2; J)/R×M
A−A1−A2(γ′2, ∅; J)
]
,
with [. . . ] denoting triples modulo the equivalence relation given by (38) for the
asymptotic markers at the punctures with common asymptotics γ′1,γ
′
2. Indeed, the
compactness theorem for SFT [5, Theorem 10.2] ensures that the boundary has
the form above with all moduli spaces replaced by their compactifications. In our
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(a) : Morse-Bott broken
−∞
+∞
(b) : Capped punctured
γ′
J-hol. cylinder in §3.1
γ′
−∞
+∞
um
um−1
u1
m′ M ′ δ0
δ1
m′γ M
′
γ
m′γ M
′
γ
M ′γ
m′γ
δ2
p′
q
MAc (p
′, q;Hρ∞, {fγ}, {f
′
γ}, J)
Element of
Curves counted by δi, i = 0, 1, 2 in §4
(c) : Capped punctured S1-parametrized
broken J-hol. cylinder in §3.2
trajectory in §2.2
M ′γ
m′γ
Figure 3. Moduli spaces
situation the boundary is 0-dimensional and the above moduli spaces are already
compact.
Let us discuss the contribution of the three types of boundary components above.
The count of the elements of the first type corresponds to Φ ◦ δ, whereas the count
of the elements of the second type corresponds to d ◦ Φ.
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We claim that the count of the elements of the third type is equal to 0. Indeed,
the count of elements of[
MA2c (γ
′
1, γ
′
2; J)/R×M
A−A1−A2(γ′2, ∅; J)
]
is equal to e ◦ ∂(γ′1) = 0 by (37). Here [. . . ] denotes pairs modulo the equivalence
relation given by (38) for the asymptotic markers at the punctures with common
asymptote γ′2. This shows that Φ ◦ δ ± d ◦ Φ = 0. Relation (77) follows from the
fact that orientations are coherent with the gluing operation, and we refer to [17,
p.69] for details (the situation is analogous to the one in Floer homology involving
a homotopy of Hamiltonians, i.e. an equation which is not translation invariant).
We now prove that Φ is an isomorphism. The first important observation is that
Φ increases the contact action γ 7→
∫
γ∗λ. This is due to the fact that
∫
u∗dλ ≥ 0 if
u satisfies (70). Indeed, i(XHρ∞)dλ = 0 so that dλ(∂su, ∂θu) = dλ(∂su, J∞∂su) ≥ 0.
We arrange the generators of the complex BC
i−1(a),≤α
∗ (λ) in increasing order
according to their action. Then the matrix of Φ in this basis is lower triangular and
we claim that the entries on the diagonal are all equal to ±1, which implies that Φ
is an isomorphism.
Given γ ∈ P≤αλ ≡ P(H), p
′ ∈ Crit(f ′γ), p ∈ Crit(fγ) with ind(p) = ind(p
′), we
must determine the elements u ∈ MB(p′, p, γ′1, . . . , γ
′
k;H
ρ
∞, {fγ , f
′
γ}, J∞). Since∫
u∗dλ = A(γ)−A(γ)−
k∑
i=1
A(γ′i) ≥ 0
we infer that k = 0. Moreover
∫
u∗dλ = 0, which implies that u(s, θ) is a vertical
cylinder of the form
u(s, θ) = (a(s, θ), γ ◦ b(s, θ)).
Equation (70) is then equivalent to the system
(79)
{
∂sa− ∂θb− ρ(s)H
′
∞(a)e
−a = 0,
∂θa+ ∂sb = 0.
,
and we claim that any solution satisfying
lim
s→−∞
a(s, ·) = +∞, lim
s→+∞
a(s, ·) = a0,
lim
s→±∞
b(s, θ) = −Tθ+ θ±, T = e
−a0h′(a0)
has the following property:
(i) if p′, p are both minima and θ+ corresponds to the orbit γp (and θ− is
arbitrary), then
a(s, θ) = a(s), b(s, θ) = −Tθ+ θ+;
(ii) if p′, p are both maxima and θ− corresponds to the orbit γ
′
p (and θ+ is
arbitrary), then
a(s, θ) = a(s), b(s, θ) = −Tθ + θ−.
We treat only the first case since the other case is entirely analogous. We lin-
earize (79) and obtain
(80) ∂sζ + J0∂θζ + Sζ = 0, ζ : R× S
1 → R2,
with S(s, θ) = −ρ(s)
(
∂a(e
−aH ′∞(a)) 0
0 0
)
. Our hypothesis (57) on h ensures
that
‖S‖ < 1.
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By [29, Proposition 4.2] applied with τ = 1 we infer that every solution ζ of (80)
is independent of θ. Hence solutions of (80) satisfy
∂sζ1 = ρ(s)∂a(e
−aH ′∞(a))ζ1, ∂sζ2 = 0.
In particular we see that, if lims→+∞ ζ1(s, ·) = 0, we necessarily have ζ1 ≡ 0 because
ρ(s)∂a(e
−aH ′∞(a)) is strictly positive for s large.
Since equation (79) is independent of θ, we know that, for any solution (a, b)
the vector ζ = (∂θa, ∂θb) solves (80). In particular ∂θb = −T (by the asymptotic
conditions on b) and ∂sb = −∂θa = 0, so that b(s, θ) = −Tθ+ θ+ as claimed.
We have already proved that ∂θa = 0, hence a(s, θ) = a(s) solves the differential
equation a′ + e−a0H ′∞(a0) − ρ(s)(e
−aH ′∞(a)) = 0. Since e
−aH ′∞(a) is increasing
with a, we must have a(s) = a0 when ρ(s) = 1. Hence the solution a(s) is unique.
As a conclusion, we have showed that MAc (p
′, p;Hρ∞, {fγ , f
′
γ}, J) contains a
unique element, which is the “trivial” cylinder over γ described above. 
Remark 17 (An inverse for Φ). We chose to construct the morphism Φ by counting
mixed moduli spaces of curves with asymptotes γ′p at −∞ and γq at +∞. In
heuristic terms, we considered moduli spaces of curves “going down” from Reeb
orbits to Hamiltonian orbits, and for that purpose we needed to consider the cut-
off Hamiltonian Hρ∞.
We might have as well proceeded the other way around, by constructing a filtered
isomorphism
Ψ : BCa∗ (H)
∼
→ BC
i−1(a),≤α
∗
obtained by counting mixed moduli spaces of curves with asymptotes γp at −∞
and γ′
q
at +∞, i.e. “going down” from Hamiltonian orbits to Reeb orbits. For that
purpose equation (70) would have had to be replaced by
∂su+ J∞(∂θu−XH∞(u)) = 0.
The one difference with respect to (70) is that this equation does not depend on the
variable s and therefore R acts by translations on the spaces of solutions. Never-
theless, the same dimension formula holds for the corresponding moduli space after
the quotient by this R-action.
One can prove that Ψ is an inverse for Φ up to (filtered) homotopy.
We introduce now an algebraic concept which is useful when working with spec-
tral sequences. Let (C∗, δ), (D∗, d) be differential complexes endowed with increas-
ing filtrations FℓC∗ and FℓD∗ with ℓ ∈ Z. Let f, g : C∗ → D∗ be filtration
preserving chain maps and K : C∗ → D∗+1 be a chain homotopy between f and g,
so that f − g = Kδ + dK. We say that K is a chain homotopy of order k ≥ 0
if K(FℓC∗) ⊂ Fℓ+kD∗+1 for all ℓ ∈ Z.
Let (Erδ , δ¯
r) and (Erd , d¯
r), r ≥ 0 be the spectral sequences associated to the
given filtrations on (C∗, δ) and respectively (D∗, d). Then f and g induce chain
maps fr, gr : E
r
δ → E
r
d for all r ≥ 0. The next result motivates the concept of a
chain homotopy of order k.
Proposition 6 ([22, Exercise 3.8, p. 87]). If K : C∗ → D∗+1 is a chain homotopy
of order k between the filtered chain maps f, g : C∗ → D∗, then fk, gk : Ekδ → E
k
d
are chain homotopic, and the maps fr, gr : E
r
δ → E
r
d coincide for any k < r ≤ ∞.
The next Proposition shows that the filtered isomorphism Φ of Proposition 4 is
compatible with the continuation morphisms in Floer homology. Let τ > 0 be large
enough and, with the notations of Section 5.2, let Hα = Hα,τ ≤ Hα
′
= Hα
′,τ be
admissible Hamiltonians on Ŵ τ with asymptotic slopes α, α′ /∈ Spec(M,λ). Let
Hs = H
τ
s , s ∈ R be an increasing homotopy from H
α to Hα
′
, such that ∂sHs is
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small enough in C0-norm. Let Js = J
τ
s be a generic regular homotopy of admis-
sible almost complex structures on Ŵ τ which is a small perturbation of the time
independent almost complex structure postulated in our standing assumptions (A)
and (Ba). Thus, Proposition 5 and Remark 16 apply to the Hamiltonians H
α, Hα
′
,
and respectively Hs.
Proposition 7. The diagram below commutes up to a chain homotopy of order 1
(81) BC
i−1(a),≤α
∗ (λ)
Φα //
κα′,α

BCa∗ (H
α)
σα′,α

BC
i−1(a),≤α′
∗ (λ)
Φα
′
// BCa∗ (H
α′)
Here Φα, Φα
′
are the filtered isomorphisms of Proposition 4 for the Hamiltoni-
ans Hα, respectively Hα
′
, the map σα′,α is the continuation morphism defined in
Section 2.2, and κα′,α is the inclusion.
Proof. All morphisms in the diagram (81) preserve the filtrations on the corre-
sponding chain complexes. This was proved in Proposition 4 for Φα and Φα
′
, it
was proved in Remark 15 for the continuation morphism σα′,α, and it follows di-
rectly from the definition for the inclusion κα′,α.
We denote by Hs,∞ : M × R → R the homotopy from Hα∞ to H
α′
∞ defined via
formula (58) applied to Hs (see also Remark 16). As above, let ρ : R→ [0, 1] be a
smooth increasing function such that ρ(s) = 0 if s << 0 and ρ(s) = 1 if s >> 0.
Given r ∈ R we define the Hamiltonian family Hρ,rs,∞, s ∈ R by
Hρ,rs,∞ : R× (M × R)→ R, (s, p, t) 7→ ρ(s− r)Hs,∞(t).
Given γ′ ∈ P≤αλ , γ ∈ P(H
α′), p′ ∈ Crit(f ′γ), q ∈ Crit(fγ), and an s-dependent fam-
ily of admissible almost complex structures Jr = Jrs , themoduli space of capped
punctured s-dependent interpolating Morse-Bott broken trajectories
MAc (p
′, q;Hρ,rs,∞, {fγ, f
′
γ}, J
r),
is defined similarly to the moduli space of capped punctured interpolating Morse-
Bott broken trajectories (74), using Hρ,rs,∞ instead of H
ρ
∞. For a generic choice of
the collection of perfect Morse functions {fγ, f ′γ} and of the s-dependent almost
complex structure Jr, this is a smooth manifold of dimension
µ(γ′p)− µ(γq) + 2〈c1(TW ), A〉.
Let us now consider the moduli space
MAc :=
⋃
r∈R
MAc (p
′, q;Hρ,rs,∞, {fγ, f
′
γ}, J
r)
for µ(γ′p) − µ(γq) + 2〈c1(TW ), A〉 = 0 and γ
′ ∈ P≤αλ , γ ∈ P(H
α′). For a generic
choice of a smooth 1-parameter family of almost complex structures Jr, the space
MAc is a smooth 1-dimensional manifold, and its boundary splits into a disjoint
union
∂MAc = ∂
+MAc ∪ ∂
−MAc ∪ ∂
0MAc ,
where ∂±MAc correspond to r→ ±∞ and ∂
0MAc corresponds to finite values of r.
Since Hρ,rs,∞ = H
α′,ρ(·−r)
∞ for r >> 0, the set ∂+MAc is in bijective correspondence
with
MAc (p
′, q;Hα
′,ρ(·−r)
∞ , {fγ , f
′
γ}, J)
and the count of its elements gives rise to a morphism which is chain homotopic
to Φα
′
◦ κα′,α in (81) (the chain homotopy comes from the need to further deform
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ρ(· − r) to ρ). On the other hand, for r << 0 the count of elements in ∂−MAc
gives rise to a morphism which is chain homotopic to the morphism obtained by
counting the elements of
MA1c (p
′, q1;H
α,ρ(·−r)
∞ , {fγ, f
′
γ}, J)×M
A−A1
c (q1, q;Hs,∞, {fγ}, J).
Here q1 ∈ Crit(fγ1) satisfies the equation µ(γ
′) − µ(γ1) + ind(p′) − ind(q1) +
2〈c1(TW ), A1〉 = 0. This last morphism is in turn chain homotopic to σα′,α ◦ Φα.
Finally, the set ∂0MAc is in bijective correspondence with the union of
MA1c (p
′, q1;H
ρ,r
s,∞, {fγ, f
′
γ}, J
r)×MA−A1c (q1, q;H
α′
∞ , {fγ}, J)
and
MA1c (p
′, q′1; {f
′
γ}, J∞)×M
A−A1
c (q
′
1, q;H
ρ,r
s,∞, {fγ , f
′
γ}, J
r),
for r ∈ R, q1 ∈ Crit(fγ1), q
′
1 ∈ Crit(f
′
γ′1
) such that µ(γ′)−µ(γ1)+ind(p′)− ind(q1)+
2〈c1(TW ), A1〉 = −1, respectively µ(γ′1)−µ(γ) + ind(q
′
1)− ind(q) + 2〈c1(TW ), A−
A1〉 = −1.
The count of the elements of the above moduli spaces of index −1 gives rise to
a chain homotopy between the morphisms corresponding to the count of elements
of ∂+MAc and ∂
−MAc respectively. More precisely, let
K : BC
i−1(a),≤α
∗ (λ)→ BC
a
∗+1(H
α′)
be defined by
K(γ′p) =
∑
r∈R
∑
F∈MAc (p
′,q;Hρ,rs,∞,{fγ ,f ′γ},J
r)
ǫ(F )eAγ
q
,
where the second sum runs over elements such that µ(γ′)−µ(γ)+ind(p′)− ind(q)+
2〈c1(TW ), A〉 = −1. It follows from our transversality assumptions and the discus-
sion above that there are only a finite number of values of the parameter r ∈ R for
which the second sum is nonempty.
We claim that the chain homotopies constructed above have order 1. We argue
only forK, the other cases being similar. We need to show that µ(γ)−µ(eAγ) ≥ −1.
The moduli spaces involved in the definition of MAc (p
′, q;Hρ,rs,∞, {fγ , f
′
γ}, J
r) are of
one of the following three types:
• MAic (S
′
γi−1 , S
′
γi ; J∞) with i < 0,
• MA0c (S
′
γ−1 , Sγ0 ;H
ρ,r
s,∞, J
r),
• M
Aj
c (Sγj−1 , Sγj ;H
α′
∞ , J) with j > 0.
The moduli spaces of the first and third type are regular, so that µ(γ′i−1) −
µ(eAiγ′i) ≥ 0, and µ(γj−1) − µ(e
Ajγj) ≥ 0. On the other hand, due to the pres-
ence of the parameter r ∈ R, the index of the Fredholm problem for the moduli
space of the second type is 1 bigger than the index of the Fredholm problem ob-
tained by replacing Hρ,rs,∞ with H
ρ
∞ (see also the definition of Φ). Since our moduli
spaces are regular and have dimension at least 1 (see Remark 14), we infer that
µ(γ′−1)− µ(e
A0γ0) ≥ −1. This proves the claim, and the Proposition. 
7. Proof of the Main Theorem
7.1. The long exact sequence.
Proof of Theorem 1. Let α > 0 be such that α /∈ Spec(M,λ). Let H ∈ H′ be
an admissible Hamiltonian of maximal slope α. By Sections 5.1 and 5.2 and with
notation as there, we modify H to HR,τ and the almost complex structure J to Jτ
which is regular for Floer’s equation so that Proposition 3 holds, and so that the
Floer trajectories are close to punctured Floer trajectories in the symplectization,
capped with rigid holomorphic planes in Ŵ . We have performed the “slowing down”
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and “stretch of the neck” operations separately in order to emphasize the key ideas
for each of them, but it is clear that they can be performed simultaneously in order
to obtain such a HR,τ . We denote in the sequel H = HR,τ and J = Jτ , with both
parameters R, τ being large enough.
The spectral sequence (Erd , d¯
r) for symplectic homology is supported in two lines.
Its E2 page has the form
q
• • • • •
• //
OO
• • •
ggOOOOOO
• p
and the only possibly nontrivial differentials are d¯2 : E2k,0 → E
2
k−2,1. By definition
of E3 we have exact sequences
0→ E3k,0 → E
2
k,0
d¯2
→ E2k−2,1 → E
3
k−2,1 → 0.
The spectral sequence converges to SHa∗ (H, J) and E
3
d = E
∞
d for dimensional
reasons, so that we have exact sequences
0→ E3k−1,1 → SH
a
k (H, J)→ E
3
k,0 → 0
by definition of convergence. This information can be put together into a long exact
sequence by discarding the E3 terms
E2k−1,1
//
$$HH
HH
SHak (H,J)
//
$$I
II
I
E2k,0
d¯2 // E2k−2,1 //
$$HH
HH
SHak−1(H,J)
E3k−1,1
99rrrrr
$$I
II
II
I99
tt
tt
tt
E3k,0==
||
||
|
<<zzzz
$$I
II
II
I
E3k−2,1
88qqqqq
%%KK
KK
KK88
qq
qq
qq
q
0 0 0 0 0 0
We have already seen in Corollary 1 that the map Φ induces an isomorphism
of spectral sequences Φ : (Erδ , δ¯
r)
∼
→ (Erd , d¯
r), r ≥ 0. In particular we have the
following commutative diagram, with vertical arrows being isomorphisms
E2δ
δ¯2 //
≃Φ

E2δ
≃ Φ

E2d
d¯2 // E2d
Combining the isomorphism (50)
Θ¯ : E2δ
∼
−→ HC
i−1(a),≤α
∗ (λ, J)⊗H∗(S
1)
with the two previous diagrams we get a long exact sequence
. . .→SHak (H, J)→HC
i−1(a),≤α
k+(n−3) (λ, J)
D
→HC
i−1(a),≤α
k−2+(n−3)(λ, J)→(82)
→ SHak−1(H, J)→ . . .
with D = Θ¯ ◦ δ¯2 ◦ Θ¯−1. The shift in degree is due to the fact that Φ decreases
degrees by n− 3. Since the limiting slope of H equals α we have
SHa∗ (H, J) ≃ SH
a,≤α
∗ (W,ω),
where the latter notation stands for a direct limit on H′ of Floer homology groups
truncated by the values of the action functional in the range ]−∞, α].
We claim that the exact sequences (82) form a natural directed system, i.e. for
α < α′ /∈ Spec(M,λ) the continuation morphisms σα′,α in symplectic homology
induced by an increasing homotopy of Hamiltonians as in Section 2.2, and the
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extension morphisms κα′,α in linearized contact homology induced by inclusion, fit
into a commutative diagram
(83) · · ·SHak (H
α, Jα) //
σα′,α

HC
i−1(a),≤α
k+(n−3) (λ, J)
D //
κα′,α

HC
i−1(a),≤α
k−2+(n−3)(λ, J) · · ·
κα′,α

· · ·SHak (H
α′ , Jα
′
) // HCi
−1(a),≤α′
k+(n−3) (λ, J)
D // HCi
−1(a),≤α′
k−2+(n−3)(λ, J) · · ·
Here Hα = HR(α),τ(α), Hα
′
= HR(α
′),τ(α′), Jα = Jτ(α) and Jα
′
= Jτ(α
′) are as
explained in the beginning of the proof. The asymptotic slope of Hα is equal to α,
the asymptotic slope of Hα
′
is equal to α′ and, by Proposition 5, we can assume
without loss of generality that τ(α) = τ(α′) = τ so that the Hamiltonians and
almost complex structures are defined on Ŵ τ as in Section 5.2. Moreover, we can
also assume without loss of generality that Hα ≤ Hα
′
.
By Remark 15 in Section 4, the continuation morphism
σα′,α : BC
a
∗ (H
α)→ BCa∗ (H
α′)
preserves the filtrations, and hence induces a morphism of spectral sequences
σα′,α : (E
r
d(H
α), d¯r)→ (Erd(H
α′), d¯r), r ≥ 0.
The inclusion κα′,α : BC
i−1(a),≤α
∗ (λ)→ BC
i−1(a),≤α′
∗ (λ) preserves the filtrations by
definition, and therefore also induces a morphism between the associated spectral
sequences
κα′,α : (E
r,≤α
δ , δ¯
r)→ (Er,≤α
′
δ , δ¯
r), r ≥ 0.
In view of Proposition 6, commutativity of (83) follows from the commutativity up
to a chain homotopy of order 1 of the following diagram of morphisms of filtered
complexes
(84) BC
i−1(a),≤α
∗ (λ)
Φα //
κα′,α

BCa∗ (H
α)
σα′,α

BC
i−1(a),≤α′
∗ (λ)
Φα
′
// BCa∗ (H
α′)
Here Φα and Φα
′
are the filtered isomorphisms constructed in Proposition 4, for
the Hamiltonians Hα, respectively Hα
′
.
The commutativity of (84) up to a chain homotopy of order 1 is precisely the
content of Proposition 7 above. Therefore (83) is commutative and, passing to the
direct limit on α, we obtain an exact sequence
. . .→SHak (W,ω)→HC
i−1(a)
k+(n−3)(λ, J)
D
→HC
i−1(a)
k−2+(n−3)(λ, J)→(85)
→ SHak−1(W,ω)→ . . .
Here we used the fact that the direct limit functor is exact. By the invariance
of linearized contact homology with respect to the pair (λ, J) (see Remark 7) we
obtain the exact sequence in the statement of Theorem 1.
Finally, the description of the differential D claimed in the statement of Theo-
rem 1 is the content of Proposition 8 below. This finishes the proof. 
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Remark 18. What we have actually proved is that Φ induces an isomorphism of
degree 3− n between the exact sequences
... // H∗(BCi
−1(a)
∗ (λ), δ)
//
Φ

HCi
−1(a)
∗ (λ)
D //
Φ◦Θ¯−1

HC
i−1(a)
∗−2 (λ)
//
Φ◦Θ¯−1

H∗−1(BC
i−1(a)
∗ (λ), δ)
//
Φ

...
... // SH∗(W,ω) // E2d;∗,0
d¯2 // E2d;∗−2,1 // SH∗−1(W,ω) // ...
In order to establish Theorem 1 we have only used the undotted arrows in the
above diagram. We shall not explain in this paper the significance of the discarded
terms E2d and H∗(BC
i−1(a)
∗ (λ), δ). This will be the topic of the forthcoming pa-
pers [8] and [14] respectively.
7.2. The differential D. The purpose of this section is to give a description of D
which does not make use of the auxiliary Morse functions f ′γ , and thus complete
the proof of Theorem 1.
Given half-lines L ⊂ T0CP 1, L ⊂ T∞CP 1, we define half-lines L∞ ⊂ T∞CP 1,
L0 ⊂ T0CP
1 by choosing a global polar coordinate on CP 1 \ {0,∞} and requiring
Arg(L∞) = Arg(L), Arg(L0) = Arg(L).
Given half-lines L0 ⊂ T0CP 1, L∞ ⊂ T∞CP 1, and a map F = (f, a) : R × S1 =
CP 1 \ {0,∞} →M ×R satisfying (28), (29), we define ev(L0) = limz→0, z∈L0 f(z),
ev(L∞) = limz→∞, z∈L∞ f(z), so that ev(L0) belongs to the geometric image of
γ′ and ev(L∞) belongs to the geometric image of γ
′. We also recall that we have
chosen a point Pγ′ on the geometric image of each γ
′ ∈ Pλ.
Given γ′, γ′ ∈ Pλ, A ∈ H2(W ;Z) we denote by
MA1,c(Pγ′ , Pγ′ ; J) ⊂M
A
c (γ
′, γ′; J)
the subset of equivalence classes of pairs [u′, F ′] ∈ MAc (γ
′, γ′; J) such that the
asymptotic markers L at 0 and L at ∞ satisfy
L∞ = L, or equivalently L0 = L.
The decoration “1” for the moduli space is motivated by the fact that it consists
of curves with one sublevel.
Given γ′, γ′ ∈ Pλ, A ∈ H2(W ;Z) we denote by
MA,+2,c (Pγ′ , Pγ′ ; J) ⊂
⋃
γ′∈Pλ,A1∈H2(W ;Z)
[
MA1c (γ
′, γ′; J)
]
×
[
MA−A1c (γ
′, γ′; J)
]
the subset of pairs of equivalence classes ([u′], [u′′]) for the equivalence relation
given by ignoring the asymptotic markers L′, L
′′
corresponding to the common
asymptote γ′, such that the cyclic order of the points (Pγ′ , ev(L
′
∞), ev(L
′′
0 )) is the
same as the natural orientation of the geometric image of γ′. The decorations “2”
and “+” for the moduli space are motivated by the fact that it consists of curves
with two sublevels and satisfying an additional “positive” cyclic order condition.
In the situation µ(γ′) − µ(γ′) + 2〈c1(TW ), A〉 = 2 and for a generic choice of the
points Pγ′ the moduli spacesMA1,c(Pγ′ , Pγ′ ; J) andM
A,+
2,c (Pγ′ , Pγ′ ; J) are rigid and
one can associate a sign ǫ(u) to each of their elements via coherent orientations and
fibered products.
For each free homotopy class a in W we define a map
∆ : C
i−1(a)
∗ (λ)→ C
i−1(a)
∗−2 (λ),
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(86) ∆(γ′) =
∑
γ′,A
|γ′eA|=|γ′|−2
1
κγ′
∑
u∈MA1,c(Pγ′ ,Pγ′ ;J)∪M
A,+
2,c (Pγ′ ,Pγ′ ;J)
ǫ(u)eAγ′.
Proposition 8. The map ∆ defined by (86) is a chain map, and induces in ho-
mology the map D in the long exact sequence of Theorem 1.
Proof. Let us first reinterpret the previous moduli spaces in terms of moduli spaces
of capped punctured S1-parametrized holomorphic cylinders. Given γ′, γ′ ∈ Pλ,
A ∈ H2(W ;Z) we denote by
M˜A1,c(Pγ′ , Pγ′ ; J) ⊂M
A
c (S
′
γ , S
′
γ ; J)
the subset consisting of pairs u = (u′, F ′) ∈ MAc (S
′
γ , S
′
γ ; J) such that
ev(u′) = Pγ′ , ev(u
′) = Pγ′ .
It follows from the definition that there is a bijective correspondence
MA1,c(Pγ′ , Pγ′ ; J) ∼ M˜
A
1,c(Pγ′ , Pγ′ ; J).
Given γ′, γ′ ∈ Pλ, A ∈ H2(W ;Z) we denote by
M˜Ac (Pγ′ , S
′
γ ; J),M˜
A
c (S
′
γ , Pγ′ ; J) ⊂M
A
c (S
′
γ , S
′
γ ; J)
the subsets consisting of pairs u = (u′, F ′) ∈MAc (S
′
γ , S
′
γ ; J) such that
ev(u′) = Pγ′ , respectively ev(u
′) = Pγ′ .
If µ(γ′)− µ(γ′) + 2〈c1(TW ), A〉 = 1 these moduli spaces are rigid. Let
M˜A,+2,c (Pγ′ , Pγ′ ; J) ⊂
⋃
γ′∈Pλ,A1∈H2(W ;Z)˜
MA1c (Pγ′ , S
′
γ ; J)× M˜
A−A1
c (S
′
γ , Pγ′ ; J)
be the subset consisting of pairs (u, u) such that the cyclic order of the points
(Pγ′ , ev(u), ev(u)) is the same as the one induced by the chosen orientation of S
′
γ .
It follows from the definition that there is a bijective correspondence
MA,+2,c (Pγ′ , Pγ′ ; J) ∼ M˜
A,+
2,c (Pγ′ , Pγ′ ; J).
Hence ∆˜ := Θ−1 ◦∆ ◦Θ : C
i−1(a)
∗ (λ)⊗H0(S1)→ C
i−1(a)
∗−2 (λ)⊗H1(S
1), where Θ is
defined in (49), acts by
∆˜(γ′M ) =
∑
γ′,A
|γ′eA|=|γ′|−2
∑
u∈fMA1,c(Pγ′ ,Pγ′ ;J)∪ fMA,+2,c (Pγ′ ,Pγ′ ;J)
ǫ(u)eAγ′
m
.
For a generic choice of Morse functions f ′γ , γ
′ ∈ Pλ the map δ¯2 is induced in
homology by the map δ2 in the decomposition of the S1-parametrized differential
δ, and does not depend on the choice of the collection {f ′γ}. It is therefore enough
to show that, for a suitable choice of this collection, the map induced by δ2 on
(E1δ , δ¯
1) is ∆˜ itself.
Let us fix α > 0 such that α /∈ Spec(M,λ). Let ∆˜α and δ2,α be the truncations
of ∆˜ and δ2 to action less than α. It is enough to show that ∆˜α = δ2,α for a suitable
choice of the collection {f ′γ} which depends on α. By letting α → ∞ we then get
∆˜ = δ2.
The set P≤αλ is finite and, for each pair γ
′, γ′ ∈ P≤αλ , the moduli space of
holomorphic curves asymptotic to γ′,γ′ is compact and therefore involves only a
finite number of homology classes. As a consequence, for each γ′ ∈ P≤αλ we can
choose an open neighbourhood U ′,αγ of Pγ′ in S
′
γ such that every collection {qγ′} ∈
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γ′∈P≤α
λ
U ′,αγ is regular and the map ∆̂
α associated to {qγ′} is equal to the map
∆˜α associated to {Pγ′}.
By choosing a generic collection {qγ′}, qγ′ ∈ U ′,αγ , γ
′ ∈ P≤αλ and small neigh-
bourhoods V ′,αγ ⊂ U
′,α
γ of qγ′ , we can further assume that the evaluation maps
ev, ev defined on the spaces MAc (qγ′ , S
′
γ ; J) and M
A
c (S
′
γ , qγ′ ; J) respectively, with
|γ′| − |eAγ′| = 1, miss the neighbourhoods V ′,αγ .
We choose the Morse functions f ′γ , γ
′ ∈ P≤αλ generically so that both critical
points m′ and M ′ of f ′γ lie inside V
′,α
γ and so that the “long arc” in S
′
γ running
from m′ to M ′ and exiting V ′,αγ has the same orientation as the chosen orientation
of S′γ . Let us show that in this situation we have ∆̂
α = δ2,α.
We first note that δ2,α is built out of two kinds of moduli spaces of capped
punctured S1-parametrized broken J∞-holomorphic cylinders, namely having either
one or two sublevels. Indeed, we cannot have more than two sublevels since the
difference of indices at the extremities is equal to two, and each sublevel introduces a
difference of index of at least one due to the fact that the moduli spaces of punctured
S1-parametrized J∞-holomorphic cylinders are regular and carry a one-dimensional
symmetry given by the action of S1.
Let us fix γ′, γ′ ∈ P≤αλ and denote by M
′ the maximum of f ′γ and by m
′ the
minimum of f ′γ . Since M
′ ∈ V ′,αγ ⊂ U
′,α
γ and m
′ ∈ V ′,αγ ⊂ U
′,α
γ , the elements
of MAc (M
′,m′; {f ′γ}, J) having one sublevel are in one-to-one correspondence with
elements of M˜A1,c(qγ′ , qγ′ ; J) and their signs coincide.
We claim now that the subset ofMAc (M
′,m′; {f ′γ}, J) consisting of elements with
two sublevels is in bijective correspondence with M˜A,+2,c (qγ′ , qγ′ ; J), with preserva-
tion of signs. Indeed, such elements are of the form
(u, u) ∈MA1c (M
′, S′γ ; J)×M
A−A1
c (S
′
γ ,m
′; J)
so that there is a gradient trajectory of f ′γ running from ev(u) to ev(u). Since these
evaluation maps miss the neighbourhood V ′,αγ and by our choice of order for the
two critical points of f ′γ , this is equivalent to saying that the cyclic order on the
triple (qγ′ , ev(u), ev(u)) is the same as the one induced by the chosen orientation
of S′γ . Since M
′ is close to qγ′ and m
′ is close to qγ′ there is a unique element
in M˜A,+2,c (qγ′ , qγ′ ; J) corresponding to such a pair (u, u). Their signs coincide for
continuity reasons and this proves our claim.
We have shown that δ2,α = ∆̂α on (E1δ , δ¯
1), as desired. 
8. Examples
8.1. Riemann surfaces. We compute in this section the exact sequence (2) for
genus g Riemann surfaces Σ = Σg,1 with one boundary component. We shall see
that the cases g = 0 and g ≥ 1 are fundamentally different: although the boundary
M = ∂Σ is the same, i.e. the circle S1, the linearized contact homology groups
HC∗(M) differ, and so do the corresponding maps D. Note that regularity is
automatic when the target manifold is a Riemann surface.
Let us note that free homotopy classes of loops in M = S1 are indexed by Z via
the degree of the corresponding maps S1 → S1. Given a free homotopy class b of
loops we denote by the same symbol b ∈ Z its degree. There are no closed Reeb
orbits in any class b ≤ 0, whereas each class b ∈ Z+ contains exactly one closed
Reeb orbit γb. Since the contact distribution is zero-dimensional we need to use
the special convention µ(γb) = 2b for the Maslov index, corresponding to the index
of the linearized Reeb flow in the symplectization.
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Let us first consider the case g ≥ 1. The inclusion i of free homotopy classes of
loops from the boundary to Σ is injective and we denote i(b) by b. For each b ∈ Z+
we have HCb∗(M) = Q if ∗ = 2b + (1 − 3) = 2b − 2 and 0 otherwise. The Reeb
orbit γb gives rise to two Hamiltonian orbits of indices 2b and 2b+ 1 and we have
SHb∗(Σ) = Q if ∗ = 2b, 2b+1 and 0 otherwise. The interesting portion of the exact
sequence is therefore
0
D // HCb2b−2 // SHb2b+1(Σ) // 0
D // 0 // SHb2b(Σ) // HC
b
2b−2(M)
D // 0
Q Q Q Q
We see in particular that D vanishes.
We now consider the case g = 0, so that we can assume without loss of generality
that Σ = D2, the unit disc in the complex plane. Note that all closed Reeb orbits are
contractible in D2. Since SH0∗ (D
2) = 0 we have SH+∗ (D
2) ≃ H∗(D2, ∂D2) = Q if
∗ = 2 and 0 otherwise. The linearized contact complex is lacunary with generators
of index 2b − 2, b ≥ 1 and therefore HC
i−1(0)
∗ = Q if ∗ = 2b − 2, b ≥ 1 and 0
otherwise. The long exact sequence (2) therefore splits into short exact sequences
of which the nontrivial ones are
0 // SH+2 (D2)
∼ // HC0(S1)
D // HC−2(S1) // 0
Q Q 0
and
0 // SH+2b(D
2) // HC2b−2(S1)
D
∼
// HC2b−4(S1) // 0
0 Q Q
, b ≥ 2.
We see in particular that the map D : HC2b−2(S
1)
∼
−→ HC2b−4(S1) does not
vanish for b ≥ 2. We can actually describe it explicitly as follows. The only
contractible Reeb orbit of normalized index 0 is γ1 in the class b = 1 and, up to
reparametrization, there is a unique holomorphic plane in C = D̂2 asymptotic to it,
namely z 7→ cz + d, c ∈ C∗, d ∈ C. Since there are no rigid nontrivial holomorphic
cylinders in S1×R the map D is obtained by a count of punctured curves in S1×R
with only one sublevel. These must necessarily have three punctures: a positive one
asymptotic to γb and two negative ones asymptotic to γb−1 and γ1. Note that the
puncture asymptotic to γ1 corresponds to the augmentation of Remark 6 and the
count of these curves gives the coefficient of γb−1 in D(γb). Such curves correspond
to meromorphic functions on the Riemann sphere with one pole of order b and
two zeroes of order b − 1 and 1, respectively. Meromorphic functions with those
properties are unique up to reparametrization and thus the sum defining D reduces
to D(γb) = γb−1, so that D is the obvious isomorphism.
8.2. Subcritical Stein manifolds. A Stein manifold Ŵ is a triple (Ŵ , J, φ),
where J is a complex structure on Ŵ and φ : Ŵ → R is an exhausting plurisubhar-
monic function. That φ is exhausting means that φ is proper and bounded from
below. That φ is plurisubharmonic means that ωφ := −dJ∗dφ is a symplectic form
and J is compatible with ωφ. We say that Ŵ is of finite type if we can choose
φ such that the set of its critical points is compact. In this situation we can as-
sume without loss of generality that φ is Morse [2, Theorem 8.1.C]. All its critical
points have index at most 12 dimR Ŵ , and we call Ŵ subcritical if all critical points
have index strictly smaller than 12 dimR Ŵ . We assume in this section that Ŵ is a
subcritical Stein manifold of finite type.
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A Stein domain W ⊂ Ŵ is a domain such that W = {φ ≤ c} for some
c ∈ R large enough. In particular c is a regular value of φ and W is a smooth
manifold with boundary ∂W = {φ = c}. Actually W is an exact symplectic
manifold with boundary of contact type and Liouville vector field ∇φ, the gradient
with respect to the metric ωφ(·, J ·). Moreover, the symplectic completion of W is
symplectomorphic to (Ŵ , ωφ).
The isotopy class of the contact structure ξφ induced on ∂W does not depend on
φ and c. A contact manifold (M, ξ) is called subcritically Stein fillable if it can
be realized as (∂W, ξφ) for some subcritical Stein manifold of finite type (Ŵ , J, φ).
We call the Stein domain W a filling of M .
Mei-Lin Yau has computed in [34] the cylindrical contact homology groups with
rational coefficients in the trivial homotopy class for a subcritically Stein fillable
contact manifold (M2n−1, ξ), n ≥ 2 satisfying c1(ξ) = 0. A crucial ingredient in the
proof is an estimate on the reduced Conley-Zehnder index of Reeb orbits running
between different handles [34, Lemma 4.2], which implies in particular that every
Reeb orbit γ which is contractible in W satisfies µ¯(γ) ≥ 1. Hence there are no
rigid holomorphic planes in Ŵ and cylindrical contact homology is tautologically
isomorphic to linearized contact homology HC0∗ (M).
The next theorem states Mei-Lin Yau’s result in a form which is equivalent to
the original one of [34].
Theorem 2 (M.-L. Yau [34]). Let (M2n−1, ξ), n ≥ 2 be a subcritically Stein fillable
contact manifold with c1(ξ) = 0, and let W be any subcritical Stein filling of M .
Then, using rational coefficients, we have
(87) HC0k(M) ≃
⊕
m≥0
Hk−2m+2(W,∂W ), k ∈ Z.
Denote by i the map associating to the free homotopy class of a loop in ∂W the
free homotopy class of the same loop in W . We claim that subcriticality implies
i−1(0) = 0, i.e. a loop in ∂W which is contractible in W is actually contractible in
∂W . Indeed, the homotopy to a point defines a chain of dimension 2. Since n ≥ 2
and the isotropic skeleton of W is of dimension at most n− 1, we can perturb the
homotopy so as to avoid it. Finally we push the homotopy to ∂W by the Liouville
vector field ∇φ.
We recall now the discussion on regularity in Remark 9. If W is a stabilization
of a subcritical Stein manifold, i.e. W =W ′×D2 with W ′ subcritical, then all nec-
essary regularity assumptions are met. In fact, unpublished work of Cieliebak [10]
shows that W is deformation equivalent to such a stabilization if and only if it has
the homotopy type of a complex of dimension at most n−2. The exact sequence (2)
becomes
...−→SH+
k−(n−3)
(W )−→HC0k(M)
D
−→HC0k−2(M)−→SH
+
k−1−(n−3)
(W )−→...
Proposition 9. LetW be a stabilization of a subcritical Stein manifold, and denote
M = ∂W . The exact sequence relating contact and symplectic homology in the
trivial homotopy class is isomorphic to an exact sequence of the form
...
0
−→Hk+2(W,∂W )−→
L
m≥0Hk−2m+2(W,∂W )−→
L
m≥1Hk−2m+2(W,∂W )
0
−→
0
−→Hk+1(W,∂W )−→...
Proof. The symplectic homology groups SH∗(W ) of the subcritical Stein domain
W vanish for the trivial homotopy class [9, 25], and the tautological long exact
sequence (5) implies
(88) SH+k−(n−3)(W ) ≃ Hk+2(W,∂W ), k ∈ Z.
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We prove by induction that the maps HC0k(M)→ Hk+3(W,∂W ), k ∈ Z vanish.
This holds for k ≤ n−3 or k ≥ 2n−2 becauseW is an oriented manifold of dimension
2n having the homotopy type of a CW-complex of dimension ≤ n−1, and therefore
Hk+3(W,∂W ) = 0. Assuming that the map HC
0
k(M) → Hk+3(W,∂W ) vanishes
for some k ∈ Z, the exactness of the sequence
HC0k+1(M)→Hk+4(W,∂W )
i
→
L
m≥0Hk−2m+4(W,∂W )→
L
m≥1Hk−2m+4(W,∂W )→0
shows, for dimensional reasons, that i is necessarily injective. Hence the map
HC0k+1(M)→ Hk+4(W,∂W ) vanishes as well and the induction step is completed.

Remark 19. Proposition 9 shows that our long exact sequence splits in the case
under study into short exact sequences of the form
0−→Hk+2(W,∂W )
i
−→
L
m≥0Hk−2m+2(W,∂W )
p
−→
L
m≥1Hk−2m+2(W,∂W )−→0.
It is actually the case that i and p are, respectively, the obvious injection and
projection. This follows from the results in [8].
Although for transversality reasons we stated Proposition 9 only for stabilizations
of subcritical Stein manifolds, we expect it to hold for arbitrary subcritical Stein
manifolds (see Remark 9).
8.3. Negative disc bundles. Let L
π
→ B be a Hermitian line bundle over a
compact, symplectically aspherical manifold (B, β) with c1(L) = −[β]. Let W =
{v ∈ L : |v| ≤ 1} be the corresponding disc bundle, with symplectic form ω =
π∗β + d(r2θ), where r is the radial coordinate in the fibers and θ is the angular
form. The boundary M = ∂W is a contact manifold with contact form θ. The
closed Reeb orbits on M are the fibers of the natural projection to B.
Let us assume dimRB = 2n − 2, so that dimRW = 2n. It follows from [26,
Theorem D] that SH∗(W ) = 0, and therefore
SH+∗ (W ) ≃ H∗+n−1(W,∂W ) ≃ H∗+n−3(B).
Proposition 10 ([3]). The (linearized) contact homology of the prequantization
bundle M = ∂W is well-defined and equal to
(89) HC∗(M, ξ) =
∞⊕
m=0
H∗−2m(B).
Proof. As in Remark 9.(ii), we choose compatible almost complex structures J on
W and JB on B, and a generic Morse function f : B → R. The Morse-Bott contact
complex [3, §8.1] is generated by closed Reeb orbits γp,k of multiplicity k above
critical points p ∈ Crit(f). The grading of γp,k with respect to the symplectic triv-
ialization given by the fiber is ind(p; f)+2k− 12 (2n− 2)+n− 3 = ind(p; f)+2k− 2
[3, Lemma 2.4]. All closed orbits are good, because the parity of the grading of
γp,k does not depend on the multiplicity k. The differential in the Morse-Bott com-
plex counts rigid configurations consisting of J-holomorphic curves with gradient
fragments of f (for this reason, the underlying gluing theorem is similar to [7, The-
orem 3.7]). Since J-holomorphic curves in the symplectizationM ×R are branched
covers of vertical cylinders over closed Reeb orbits, and since branch points can
always be displaced along the corresponding vertical cylinder, it follows that the
only such rigid configurations are rigid gradient trajectories of f . Hence, for each
multiplicity k ≥ 1, the contact differential coincides with the Morse differential of
f on B, which proves (89). 
Proposition 11. Let W be a disc bundle over a compact, symplectically aspher-
ical manifold (B, β) with c1(L) = −[β]. The exact sequence relating contact and
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symplectic homology is isomorphic to an exact sequence of the form
...
0
−→Hk(B)−→
L
m≥0Hk−2m(B)−→
L
m≥1Hk−2m(B)
0
−→Hk−1(B)−→...
Proof. Similarly to Proposition 9, we prove by descending induction on k ∈ Z that
the maps HCk(M) → Hk+1(B) vanish. The claim is true for k ≥ 2n − 2 for
dimensional reasons. Assuming the claim to be true for some k ∈ Z, the exactness
of the sequence
HCk(M)
0 // Hk+1(B) //
L
m≥0Hk+1−2m(B) //
L
m≥1Hk+1−2m(B) // Hk(B)
HCk−1(M)
implies, for dimensional reasons, that the last map vanishes, so that the claim is
true for k − 1. 
Remark 20. The similarity between Proposition 11 and Proposition 9 is best
explained via the S1-equivariant approach in [8]. The spectral sequence in [26]
admits an S1-equivariant version which implies that positive S1-equivariant sym-
plectic homology is isomorphic to H∗(B) ⊗H∗(CP∞). The isomorphism between
contact homology and positive S1-equivariant symplectic homology therefore im-
plies (89). Moreover, the exact sequence in Proposition 11 is the tensor product of
H∗(B) with the Gysin exact sequence of the subcritical pair (D
2, S1).
8.4. Cotangent bundles. Our next example are unit cotangent bundles
W = DT ∗L := {p ∈ T ∗L : |p| ≤ 1}
of closed Riemannian manifolds L. We recall the transversality discussion in Re-
mark 9 where we imposed conditions (A) and (Ba) in all statements involving
linearized contact homology (we assume either dim L ≥ 5 or L has no contractible
closed geodesics, and we work in a free homotopy class a containing only simple
closed geodesics). As mentioned in Remark 9, we expect these two conditions to
be completely removed in the future, and we do not mention them anymore in the
discussion that follows.
The symplectic manifoldW = DT ∗L is exact with boundary of restricted contact
type
M = ST ∗L := {p ∈ T ∗L : |p| = 1}.
The Liouville form determines a contact structure on M whose isotopy class does
not depend on the choice of metric, since the space of Riemannian metrics is convex.
The first ingredient involved in our long exact sequence are the symplectic ho-
mology groups SHa∗ (W ) in a free homotopy class a. These have been computed by
Viterbo [33], Salamon-Weber [28] and Abbondandolo-Schwarz [1]:
SHak (DT
∗L) ≃ Hk(Λ
aL), k ∈ Z,
where ΛaL ⊂ ΛL is1 the connected component a in the free loop space ΛL, i.e.
the space of continuous maps from S1 to L. The space ΛL is endowed with the
canonical S1-action
(
θ, γ(·)
)
7→ γ(·+ θ), θ ∈ S1 = R/Z, γ ∈ ΛL.
The above isomorphism actually holds in an improved version involving, on the
left hand side, the symplectic homology groups truncated by the values of the action
functional and, on the right hand side, the relative homology groups of sublevel sets
of the energy functional on the loop space [1, 28]. When a = 0, in particular, the
tautological exact sequence (5) is identified with the exact sequence of the pair
(Λ0L,L) and we have
SH+k (DT
∗L) ≃ Hk(Λ
0L,L).
1In [28] the symbol ΛaL stands for a sublevel set of the energy functional, and a ∈ R.
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The second ingredient in our long exact sequence are the linearized contact
homology groups HC
i−1(a)
∗ (ST
∗L), where i is the map associating to the free ho-
motopy class of a loop in ST ∗L its free homotopy class as a loop in DT ∗L. An
argument similar to that of Section 8.2 shows that, if dim L ≥ 3, the map i is
bijective and i−1(0) = 0. An ongoing project of K. Cieliebak and J. Latschev [12]
aims at computing the entire SFT of ST ∗L. The theorem below is a particular case
of their more general results.
Theorem 3 (Cieliebak-Latschev [12]). Let L be a closed oriented Riemannian
manifold. Given a free homotopy class of loops a in DT ∗L (hence in L), the
following isomorphisms hold for k ∈ Z:
HC
i−1(a)
k (ST
∗L) ≃ Hk−(n−3)(Λ
aL/S1), a 6= 0,
HC
i−1(0)
k (ST
∗L) ≃ Hk−(n−3)(Λ
0L/S1, L).(90)
Remark 21. One can rephrase Theorem 3 within the setting of S1-equivariant
homology. Given a topological space M endowed with an S1-action, the S1-
equivariant homology groups are defined as
HS
1
∗ (M) := H∗(M ×S1 ES
1),
where ES1 is a contractible space on which S1 acts freely (for example ES1 =
S∞, the infinite dimensional sphere). If we work with rational coefficients and S1
acts with finite – hence cyclic – isotropy groups, then S1-equivariant homology is
isomorphic to the homology of the quotient. The reason is that the map M ×S1
ES1 →M/S1 induced by the projection on the first factor behaves like a fibration
with fibers BZ/kZ, k ≥ 1 and the latter are Q-acyclic. As a consequence we obtain
that
H∗(Λ
0L/S1, L) ≃ HS
1
∗ (Λ
0L,L).
The above discussion can be summarized as follows.
Proposition 12. Given a closed oriented Riemannian manifold L, the long exact
sequence relating contact and symplectic homology for DT ∗L in the free homotopy
class a is isomorphic to an exact sequence of the form
. . .→Hk(Λ
aL)→HS
1
k (Λ
aL)→HS
1
k−2(Λ
aL)→Hk−1(Λ
aL)→ . . .
if a 6= 0, respectively
...→Hk(Λ
0L,L)→HS
1
k (Λ
0L,L)→HS
1
k−2(Λ
0L,L)→Hk−1(Λ
0L,L)→ ...
if a = 0. 
It follows from the results in [8] that these are the classical Gysin exact sequences
for S1-equivariant homology.
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